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Aunnomayusn. VIHTETpajbHBIE YpPaBHEHHWS, OCHOBHOW pa3len MaTeMaTHKH, IITUPOKO
UCTIONB3YIOTCS B (PU3UKE, TEXHUKE, MEXaHUKE, TEOPUH YIIPABICHUS U APYTHX oOnacTax. CBs3aHHBIC
C TPUMEHEHHEM HHTETPAIbHBIX ypaBHEHH, pa3BUBAIOTCS HOBBIE O0JAacTH, TaKHe Kak
KOHOMHUYECKHE HayKH, HEKOTOPBIE Pa3eibl OMOJIOTHU U T. A. TeopHus MHTErpalbHBIX YPaBHEHUH B
OCHOBHOM pa3BHBajJach B KOHIIE JIEBATHAIIATOTO — HaJajie JIBAJAIATOr0 BeKa, HadWHas ¢ Buto
Bonwsrepper (1982, 1986), Dpuxa Heapa @Ppenronsma (2010), HaBuna ['mnbbepra, Dpxapna
[ImMuara U T. 4. €e HayaJlu U3y4aTh ydeHble. TeM He MeHee, B paMKax MaTeMaTH4eCKUX KOHIICTIIIH,
CYIECTBOBAaBIIMX 1O TIE€PBOH TIOJOBHHBI JBAALATOTO BEKa, TaKWe 3aJadd CUYHUTAINUCh
HEKOPPEKTHBIMH H3-32 TOTO, YTO HEOOJBIIOE W3MEHEHHE 3aJaHHbIX (QYHKIHMHA MPUBOAMIO K
OosplieMy HW3MEHEHHI0O HMCKOMBIX (yHKImiA. YpaBHeHue Bombreppa mepBoro poma — 3TO
MHTETPaJIbHOE ypaBHEHHE, KOTOPOE UMEET TOYHOE PEIICHHE TOJIBKO B HEKOTOPBIX ciydasx. [Ipenen
MHTETpalui ObUI MPOBEJEH B OYCHb HEOOJBIINX KOJIMYECTBAX MO HEKJIACCHUYECKUM JIMHEHHBIM U
HEJIMHEHHBIM MHTETPAJIbHBIM YPABHEHUSM C NEPEMEHHBIMU IpeJieslaMi U MIOCTPOSHHE PELIeHUH B
3THUX pa60TaX OCHOBAHO Ha YHCJICHHBIX METOJaX. HOSTOMy JJIA TaK Ha3bIBA€MbIX HEKJIACCHUYCCKUX
MHTETPAIBHBIX ypaBHEHMM Bonbreppa axkTyalbHBIM  SIBIIICTCS  OINpPEACIICHHE  YCJIOBHH,
o0ecrneynBaoIMX €JMHCTBEHHOCTh U peryJsipu3aliio ux perieHuil. B paccmarpuBaemoil pabore
pa3pelIeHo peleHre eAMHCTBEHHOCTH HEKJIAaCCUUECKOro HETMHEHHOrO0 MHTErpalbHOTO ypaBHEHHUS
Bonereppa mepBoro poma. llempio wmccienmoBaHWsS  SBIAETCS  PEUICHHE HEKIACCHYECKOTO
WHTETPAJbHOTO ypaBHEHHWs Bombreppa mepBOoro poaa, TO €CTh OIpENeIeHHe YCIOBHIA,
00eCrneYnBaONMX €AUHCTBEHHOCTh pEIIEeHUs] HEIMHEWHOrOo HEKJIACCHYECKOrO0 WHTErpajIbHOIo
ypaBHeHus Bonbereppa mnepBoro pozaa. IlpeanoxkeHHble MeTOAbl MOXHO HCIOJIB30BaTh IS
UCCJIEJIOBAHNUSI MHTETPAJIbHbIX, HHTErpo-aud@epeHnuanbHblX ypaBHEHUH THIIA HWHTErPajJIbHOTO
ypaBHeHUsa BombeTeppa mnepBoro poma, a Takke NPU KaueCTBEHHOM HCCIIEIOBAHUU HEKOTOPBIX
NPUKIAJHBIX TPOLECCOB B 007acTH (PU3MKHM, DSKOJOTHH, METUIMHBI, TE€O(PHU3UKH, TEOPHUU
yTpaBJIEHUS CIOKHBIMH CUCTEMaMH.

Abstract. Integral equations, the main branch of mathematics, are widely used in physics,
engineering, mechanics, control theory and other fields. Related to the application of integral
equations, new fields are developing, such as economics, some sections of biology, etc. The theory
of integral equations mainly developed in the late nineteenth-early twentieth century, starting with
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Vito Volterra (1982, 1986), Eric Ivar Fredholm (2010), David Hilbert, Erhard Schmidt, etc.
scientists began to study it. Nevertheless, within the framework of mathematical concepts that
existed before the first half of the twentieth century, such problems were considered incorrect
because a small change in the given functions led to a greater change in the desired functions. The
Volterra equation of the first kind is an integral equation that has an exact solution only in some
cases. The limit of integration has been carried out in very small quantities on non-classical linear
and nonlinear integral equations with variable limits and the construction of solutions in these
works is based on numerical methods. Therefore, for the so-called non-classical Volterra integral
equations, it is relevant to determine the conditions that ensure the uniqueness and regularization of
their solutions. In this paper, the uniqueness of the solution of the non-classical nonlinear integral
Volterra equation of the first kind is resolved. The aim of the study is to solve the non-classical
Volterra integral equation of the first kind, that is, to determine the conditions that ensure the
uniqueness of the solution of the nonlinear non-classical Volterra integral equation of the first kind.
The proposed methods can be used for the study of integral, integral-differential equations such as
the Volterra integral equation of the first kind, as well as for the qualitative study of some applied
processes in physics, ecology, medicine, geophysics, and the theory of control of complex systems.

Kniouesvie cnosa: uHTErpainbHble ypaBHEHMs, MCKoMas (yHKIMs, €JUHCTBEHHOCTD,
IIEPEMEHHBIE.

Keywords: integral equations, desired function, uniqueness, variables.

Teopernueckass yacTb MHTETPalbHBIX YpaBHEHUI H3ydajach UM MCCIEN0BAIACh BO MHOTHX
paznuuHbIX pabotax. B uactHocTH, B pabore [1] paccMOTpeH O MONMIMHEWHBIX YpPaBHEHUAX
Bonbreppa 1 poma. B pabote [2, 3] usyuarorcs «O eOMHCTBEHHOCTH DEIIEHUS OIEPATOPHBIX
ypaBHeHuil Bonbreppa» u «Perynspuzanus u eIMHCTBEHHOCTh pelIeHHH ypaBHeHHH Bombreppa
IIEPBOTO POAAY.

B paborax [4-10] uccinenoBanbsl 00 pelieHue MHTETPAIBHBIX YpaBHEHUM Bomnbsreppa nepBoro
pona. B paborax [11-14] mocTpoeH perynspu3nupyromuii oneparop A1 pelIeHns HeKJIacCu4ecKoro
MHTETPaJIbHOIO YPaBHEHUS C YCIOBUSAMH JIMMmia v JoKa3aHbl TEOPEMBI €AMHCTBEHHOCTH.

B nanHoli paboTe mpencTaBieHO pelieHWe HEKJIACCUYECKOTO HEIMHEHHOTo JIMHEWHOTO
MHTErpaibHOro ypaBHeHHs Bonbsreppa nepsoro pona.

Ilocmanosexa 3a0auu
Paccmorpum

¢ (1)
jK(t,s,u(s))ds: f(t); teft,T]

a(t)
me a(t)eClt,, T], a(t,)=t,, a(t)<t, f(t)- na orpeske [t,,T] u K(t,s,u(s))— B
oomactn G ={(t,s): t,<t<T, a()<s<t} (r<t a(r)<a(t)) sanansbie Qynkmmm. u(t) —
nckomas gyHkius Ha orpeske [ty, T]. TpeGyeM BrIIONHEHNS CIIEAYIOIMX YCIOBHIA:
1° a(t) e C't,,T], &'(t) > O mpu mourn Beex t €[t,, T];
2° Tipu duxcuposanuemm t €[t), T], K,(t,5) € L[a(t),T] n K,(t,t)>m >0 mpu noutn Bcex
telt, T1;
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3% vt,z, (t>7) npu Beex (t,5),(7,8) €G,

4% Tlpu  Beex (t,r,u) .,  (sny) , (tzu) wm  (s,7,u,)eGxR
Ky (t,7,u,) — Ky (8, 7,u,) — K (t, 7,u,) + K (5,7, U )| < Lt —sfu, —u,|, Ly >0—const | K, (t,t,u)=0
u K (a7 (t),t,u) =0, mpu V(t,u) €[t,, TIxR, K,(t,5,0)=0 mpu V(t,s) e G

L, >0—const.

Pewenue:
Iycrs K(t,s,u(s)) = K, (t, s)u(s) + K, (t, s,u(s))

Torna ypaBuenue (1) MOXXHO TIpeICTaBUTh

t t )
j K, (t, s)u(s)ds + j K, (t,s,u(s))ds = f(t); t e[t,, T]
a(t) a(t)
Hapsiny ¢ ypaBaenuewm (2) paccMoTpum
t t (3)
av(t, &)+ j K, (t, S)V(s, £)ds + j K, (t,s,v(s,&))ds = f () +eu(ty); tet,, T]
a(t) a(t)
0 < & <1 uexoropslit Manbiii mapamerp. Ero pemienue OyaeM HCKaTh B BHJIE
v(t,e) =u(®) +<(t ) ; 4

rie u(t)— pemenne ypaBuenus (2), a &(t, €)— HeusBecTHast QYHKITHSL.
[ToncraBuB pemenue (4) B ypaBHeHHe (3) U BBINIONHUB psi mpeoOpazoBanuii [11-14],
MOJYYHM CIIEAYIOIIee ypaBHEHHE:

a(t) a(t) %)
Et,e) = jH (t,7,6)E(r, )7 + _[H (t,7,6)E(r, e)d 7+ jH (t,7,6)E(r, €)d 7+
a(t)
a(t) a(t)
+ j N, (t,7,u(z),&(z,€), €)d T+ j N, (t,7,u(z),&(z, &), €)dr +

t to

+ jN2(t,f,u(f),ﬁ(r,g),e)dT+U (t,e); telt, T]

a(t)
e
,E jKO(s s)ds (6)
H(tT&‘)——K (a™ (r)r)e fal(o) :
. 7)
**I Ko(s,s)ds . _1IK0(s,s)ds (
Hitre)=-e ™ [K o(t,r)—Ko(r.r)]ﬁe S0 K (6 7) - Ko (@ (0), )]
&
a™Y(r)

o I Ko(s.9)e 7 Kyt 7) — Ko (s 7) s
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= s,s)ds 1 o(z,7)dr 8
H (trg)——%e etsa [K, (t,7) =K, (z,7)]- jK (5,50 K, (1) = Ko (5, 7) s ®

1 —% il[Ko(s,s)ds (9)
No(t,T,U(T),f(T,g),S):—e S [Kl(t,T,U(T)'Fé:(T,é'))—Kl(t,T,U(T))]
&

1 —7jKo(ss S (10)
N, (t,7,u(z),é(z,¢),¢€) ———e [K (t,7,u(r) +&(z,€)) - K, (t, 7,u(r)) -

a” (z')

K, (0 () + 6 + K uE)] - [ o I, () £ 0) -

- K. (s,7,u(z) + &(7, €)) — Kl(t, 7,u(7)) + K, (s, 7,u(z))]ds ;

1 —7jK0(ss s (11)
N, (t,7,u(z),é(z,¢), €) ———e [K (t,z,u(r) +&(7,¢) - K (7, 7,u(r) + &(7, €)) —

—Kl(t,r.u<r))+Kl(r,r,u(r»]—izjKo(s,s)efiK""‘”‘”[Kl(t,f,u(r)+g(m»_
g T

- K. (s,7,u(r) +&(z, €)) — K, (t, 7,u(7)) + K (S, 7,u(z))]ds ;

—%j.KO(S,S)dS L 71} Ko(z,7)dz (12)
U(t &) =—u(t) -u(t)le * -2 [Ko(s,5)e = [u(t) —u(s)lds ;
)
Jlanee HaM MOHAAOOUTCS CIEAYIOLIUE IEMMBI Joka3zaHHas B [11-14].
Jlemma 1. Ecnm semonasores yenosus 1°-2°, Torma ans dymnxumn H,(t,7,€) onpenenennoii

no opmysie (8) umeer MecTo

a(t) 13
[IHo(t. 7. )7 <y L[ty T] (%

to

rae Yo = Su
"e 7o ve[toF,)T] |K0(V,V)|

Jemma 2. Tyers H(t,7,6) u H,(t,7,6) onpenenenst mo ¢popmymamu (9), (10)

cooTBeTcTBeHHO. KpoMe Toro Beimonnsiores ycnosus 1° — 3%, Torma cnpasemmusbl oneHku

D [Hyt, 7.8 < %(Zel D). (7)eG,={(t.0): t<t<T, t <r<a()} (14)

2) |H2(t,r,5)|S%, 1) eG={t7): t<t<T, a)<r<t): (15)

Jlemma 3. Tycts Bemonnsercs 1°-2° u dynxmus U (t,&) (¢ >0) ompenenena dopmyioit
(14). Torna:
1) Ecmm u(t) e C[t,, T], To ma orpeske [t,, T] cnpaBennmsa onenka
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- 1143 (16)
Ut &), <3ut).e =" +o,(e”)=Cy(e); 0< p <1,

e o,(9) =

[t-s|<o

2) Ecim u(t) e C7[t,, T], 0< y <1, 10 na orpeske [ty, T] cnpasennupa onenka

Ut ). <CCre, (17)

rne C, = sup |u(t) u(s)|

; Co Ie "7 d 7
t,5€[to,T] |—s|

Jlemma 4. Tlycrs Bemonnsiorcs ycmosus 10,20 u 40 pymxmmm Ny (t,7,u(z),&(7,¢),¢) ,

N, (t,7,u(7),&(z,¢),¢) m N,(t,7,u(7),&(7,€),€) onpenencunr coorsercTBenno hopmymamu (11),

(12) u (13). Torna umeroT MecTa cienyrolre HepaBeHCTBa

(18)

D) [No(t,7,u(2).8 (7€), £)| < —|§(r £);
B 19
2)|N1(t,T,U(T),§(T,8),8)|S%(% (19)
(20)

3) |N2(t,T,U(T), &(z, ), 8)| < %|§(T,€)| .

Lokaszamenvcmeo. Ecnu nepexoquts Kk oueHke B (11), (12) u (13) coOoTBETCTBEHHO C y4eTOM
YCJIOBHI JIEMMBI, [IOTy4aeM TpeOyeMble OLICHKH.

L }KO (z,7)dr

1 %4
|N0(t,2',u(2'),§(2',8),8)|ZEE o K. (t,7,u(r) + £(7,8)) -
—Ky(a(2),7,u(z) + £(z,6)) — Ki(t,7,u(2)) + Kl(afl(f),f,u(f))| <

<o L a @) sspe ML = e e(r ).

g

T (t-2)

IN,(t,7,u(z),£(z,€),&)| < ;e‘? L(t-2)é(z, &) +

4 ¥ 1 LKy (e o)
148 ~2iKo(rir) u=t-s, dv==K,(s,s)e ds,
+= j K,(s,s)e “ L (t—s)|E(z,&)|ds = € i <
T ——[Ko(z,7)d7

du = —ds, v=e “
JKo( r)dz o s 1 a’(r) 7—1 Ko (z,7)dz
< Zstple ™)+~ (t- ) L2 ds <

v=0

t— 771: a M (r t —t -7 a @) m
{Lrin +|—1{ a (T) e ; } ; Ieg( )d5}|§(f,8)|3

T

< {Lli; L2l sup(e ™)+ 2L (e,g(tfw(f)) o )}|§ (z,6)|< = (e__l +2e7 4Dt )
- - m' m

v>0 &
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t
—EJ.KU(r r)dr —i Ko(z,7)dz

IN, (t,7,u(z),&(z, £), 8)| < —e , L(t-2)é(z, &) + j K, (s,s)e * x

1 —7IK0(T r)dr
u=t-s, dv==K,(s,s)e ds,
x L (t— S)|§(r, 8)|dS < £ =
77j Ko (z,7)dz
du = —ds, v=ge s
1 —%} Ko(z,z)d7 1 —1} Ko (z,7)d

— T e Ll(t—r)|§(2',8)|+;e o ')TLl(t—

¢ I U(TT)T

1 L, ¢ —Ta-s) L,
+ = e ° ds|&(zr, &)< —=+|e ¢ ‘ds<—=|&(z,¢&)|-
| see< 2 = |e(r, )
U tak chopMyIupyeM OCHOBHBIE PE3YIILTATHL.

Teopema. Tlycts Bemonusiores yenosus 1°-4%u f, = ;/OeM (M) o 1, e

- ap KaloaO)a)
velty,T] KO (U, U)

:2—L°(e‘1+1)+£(e—4+3e‘1+2).
m m'm

Tornma: 1) Eciau ypaBuenue (1) umeer pemieHue uct) s npocrpanctee C[ty, T], To pemrenne
v(t,¢) ypasHenus (2) npu & — 0 cxoautca mo Hopme C[t),T] x pemenuto u(t) u CIIpaBeINBa

OLlEHKa

M (T 1 (21)
— " u], e T 4w, .

Jv(t,&) —u()],. <

e W, (e

‘t—s‘sgﬁ
2) Eciu ypasrenue (1) umeer pemenme U(t) B mpocrpancrse C'[t,,T], (0<7<1) 1o

pemenne V(t,€) ypaBuerns (2) npn &0 cxomures mo mopme C[t),T] k pemennio u(t) n
CIpaBe/IiBa OIIEHKA

M(T-t) (22)
||V(t £)— u(t)|| - —CC, e,
e C, = Te‘m’ﬂ‘ldr, C,= sup |u(t) u(s)|.
5 t,se[toT] t—s|"

Jokaszamenvcmeo. B cuny nemm 1-4 u3 (7) umeem:
a(t)
Et.2) < [Hotr e)|é(r,e)dr+ j H,(t,7, )&z, &)dr + j H,(t,7,)|é(r, &)dr +
t a(t)
a(t) a(t)

+ [INo(t,7,u(2), &z, 8), e)dz + [INy(t.7,u(2), &(z, &), 8)|d T +

+ .tHNz(t,r,u(r),f(r,g),5)|d2' +|U (t,
a(t)
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a

()
) < )] + [ [2e +D+ (e edr+
Pm m

aft) -1 -1
b e B 2 1)+ eldr+U L e) teft T
m m m

L

Orcrona st YVt €[ty, T] momyumm

le, &), < rolet ). + j ME(z,&)dz +U (¢ &)
fo

-1
e M =2—L°(e*1+1)+5(e—+3e’1+2)
m m- m

IIpuMeHsAsT K OSTOMY HEpPaBEHCTBY HEpPaBEeHCTBO [poHymia-benbMmaHa, Mbl IOJIy4aem
CJIEYIOIEE HEPABEHCTBO:

et o), < 7" et o)+ TV o),

U3 storo cnenyer (23) na ocHoBe iemmbl 3. Teopema Jtokazana.

3axnouenue
[TocraBnenHas 3a/1a4a MOJTHOCTBIO Pa3peIIeHa, T. €. PEHICHUE HEKJIACCUUECKOTO HeTMHEUHOTO
HWHTETPAIIBHOTO YPAaBHEHUS SIBIISICTCSA €MHCTBEHHBIM U ITOCTPOEH OINEPaTop peryisipu3aliu.
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