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Annomayus. OG00ILIEHHBIM METOJIOM MOTPAHUYHBIX (YHKIUI U METOIOM Majoro napamerpa
IIOCTPOEHBl PAaBHOMEPHBIE ACHMIITOTUYECKUE PA3JI0KEHHUs [0 MajJoMy IapaMeTpy peleHUun
OUCHHTYISIpHBIX 3a7a4 Jlupuxie Uil Kojiblia ¢ JII0OOW CTENeHbI0 TOYHOCTU. VcclienoBaHHBIE
3aJja4M MMEIOT JIB€ OCOOCHHOCTHU: YPaBHEHHsI C MAJIBIM ITaPaMETPOM IPU CTAPIINX MPOU3BOAHBIX U
BHEIIIHUE PELIeHUs OJIHOBPEMEHHO UMEIOT HapacTarole 0COOCHHOCTH Ha TpaHULaX 00JacTy, T. €.
IpeieNibHbIE YpaBHEHHUS MMEIOT OCOOEHHOCTH OJHOBPEMEHHO Ha 00euX TIpaHHulax KoJjblia.
@dopmanbHble ACUMITOTUYECKUE PA3JIOKEHHSI 0OOCHOBaHbl IPUHLIMIIOM MaKCUMyMa U METOJOM
muddepeHnraIbHbIX HepaBeHCTB. [loyueHHbIe aCHMITTOTUYECKHE PS/IbI TIPEACTABIAIOT OO0 psif
ITron3o. I1aBHBIN YIeH aCUMITOTUYECKUX Pa3JIOKEHHUH pelIeHuil UMeeT OTpULaTeIbHYI0 APOOHYIO
CTEIIEHb 10 MAJIOMY [1apaMeTpYy.

Abstract. Uniform asymptotic expansions of small-parameter solutions of bisingular Dirichlet
problems for a ring with any degree of accuracy are constructed by a generalized method of
boundary functions and a small-parameter method. The investigated problems have two features:
equations with a small parameter in the first derivatives and external solutions simultaneously have
increasing features on the boundaries of the domain, i. e. limit equations have singularities at the
same time on both boundaries of the ring. Formal asymptotic expansions are based on the maxima
principle and the method of differential inequalities. The resulting asymptotic series are represented
by the Puiseux series. The main term of the asymptotic expansions of the solutions has a negative
fractional power with respect to the small parameter.

Kniouesvie cnosa: acummnroruyeckoe pasnokeHue, 3anada [upuxie, ¢ynkuun Oiipw,
MoauuuupoBaHHble GyHKIUN beccens, norpanpyHKuus.

Keywords: asymptotic expansion, Dirichlet problem, Airy functions, modified Bessel
functions, boundary functions.

Uccnenyem 3amaay dupuxie [1-7]

eAu(p,9,e)—~(2—p)(p—1)u(p,9,e)=Ap,9,¢), (p,¢) €D, (1
u(1,9,6)=0, u(2,9,6)=0, (2)
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e f(1,9,0)70, £ (2,¢0,0)70.
[Togo6uble 3amaun uccnenoBaHbl B padortax [1-7]. 3mech ucciaemyeTcst ocoOblil ciydail.
Pemenue 3anauu (1), (2) Oynem uckarp B BUje

u(p,9,e)=V(p,0,e)+W(t,0,1)+0(N,0,1), 3)

e V(p, ¢, &) = Yo vi(p, @) . W op) =Xk twie(t, ) . Q) =
Yo i ukqe(m, ), =C-p)/n, n=(p—1)/n, e=p°. V3 rpaHnuHbIX yclIoBuii (2) nMeeM

W0,0,0)=—V(2,0.1%), Q(0,9,1)=~V(1,9,5°). (4)
[Toncrapinsst cootrHomenue (3) B ypaBHenue (1), moryyum
SAV(pa(Pag)_(z_p)(p_l)V(po(Pa8)=.f(p9(P58)_h(pa(P98)a (pa(P)EDa (5)
2w u oW u: 9w (6)
M( 0t2 2 —1u o1 * (2 —tw)?209% w1 - TH)W) B
= Dl(z —TU, @, ‘Ll3), (T, (p) € D‘D
0%Q po 0Q u*  0%Q (7)
“(an2 Trmaan A +mrap? ’”‘)Q>

= 0o(1+nu, @, 1%), (1, 9) € Dy,

e W=W(z,0,1), O=0(M,¢,1).
N3 cootnomenus (5) ompenenum QyHKUUU Vvi(p,), 314ech h(p,p) BbIOpaHBI TakK, YTOOBI

BBINOJIHSAIIMCE YCIIOBHS: V) € Cw(ﬁ), li7+n wi_1(1,¢) =0, lirll Qi-1(m, ) = 0, keN,.
T—>+00 T]—) o0
TTycts gi(p.0)=/i(P-9)-Avi 1(p,9), keNo, v-1(p,9)=0, Torna v, & C*(D), ke Ny, rorna
—_ b_
Tip, @) =2 gk + =L gk, e g = gi(b, §), 97 = gi(a, §).

Tenepr mepeiinem k onpenenenmio W (T, ¢, u) = Ype_ ufwi(t, @) , Q(n, 1) =
Y _11kqe(n, ). Coornomrenns (6) u (7) 3amumem B Buze (manee wi=wi(t,0), gi=qi(M,P))

oo 2 2 (8)
Z i [0 Wr-1 _ OWg—1 42 0 W1 —1(c — )W _
k_onu' 0‘[2 u 6‘[ u a¢2 u k—1
4w b +0
g
= ) wk (gfz — 7") ) (Aro@) + i, () i*, () € D,
k=0 k=1
+o0
0% Q1 0qy-1 0% Qi1 ©)
k 2 _ _ —
kzou ( on? +u o +u e n(c un)qk_1>
e a +0
g
= Z 3k <g;‘i — pn 7") + Z (Bk,o(fb) + .uan,l(d))) u,(m,¢) € Dy,
k=0 k=1

3,Z[CCB B COOTHOIICHUAX (8) u (9) MbI BBCJIM CIIC BCIIOMOT'ATCIIbHBIC ACUMIITOTUYCCKUC PAIbL

ThZ e (Ao (@) + A ()b =) . BiZie* (Bo(@) + Bea(@(p—a)) . e
AkJ, BkJE C“’[O,2n],j=0,1.

OTH BCIOMOTaTelILbHBIE ACUMIITOTHYECKHE pAabl JOJKHBI OBJIAJICTE TaKUM CBOI\/'ICTBOM, qTo
CyMMa UX TOXKACCTBECHHO OOJIDKHO PaBHATHCA K HYIIIO, T. €.

(B
E Tun nuyensuu CC: Attribution 4.0 International (CC BY 4.0) 11



broemens nayxu u npaxkmuxu [ Bulletin of Science and Practice T. 9. Ne8. 2023
https://www.bulletennauki.ru https://doi.org/10.33619/2414-2948/93

iz €% (Ao(®) + A ()b = p)) + TiZy e (Bioo(@®) + Biea () (o - (10)
a))50:>
VheN: {Ak,o(f.b) + bAj1(¢) + Bio(¢) — aBy1(p) =0,

"(—Ak1(P) + By, (¢p) = 0.

ACHMITOTHYECKHE PABI ¢ TAKMM CBOWCTBOM HE BJIMSIOT HAa BHELIHEE PErYJIIPHOE PEIIEHHE.
3TI/I BCIIOMOT'aTrCJIbHBIC ACHUMIITOTUYCCKUC PAAbl BBCACHBI JIA TOIO, LITO6I)I C IIOMOIIBKO HHUX
MOJY4UTh cooTHOMIEeHus lim wy,_, (T, ¢) = 0, lim q,_1(n, $) = 0, keN,.

T+ n—-+w

W3 cootnomenus (8), mpupaBHUBas kK03(pPUIMEHTHI TPU OAMHAKOBBIX CTEHEHSX |, MOTYyYHM
PEKYPPEHTHYIO CUCTEMY YPaBHEHUH

Lw_y =225 cow_y = gb. (r9)eDs, (11)
Lwy = aw: —12w_; — Egé’, (t,9)eDx, (12)
Lw;, = % — 6;\;;;1 — 12wy, (1,90)€Dx, (13)
Lwzg_q = aw;:_z - 62;/;,2(_3 — T2Wap—p + gf + Ago(P), (1,9)eDx, (14)
Lwsy, = aw;:_l - 62:;’;_2 — t?wspq — Egllé + A1 ()T, (v.9)eDy, (13)
LWspiq = OWske _ Wskn 2w3y, (1,0)€D:, (16)

ot a2

N3 mepBoro cootHomenus (4) cnemyer, 4ro pemeHus ypaBHeHuit (11)-(16) momxHbI
YIOBJIETBOPSTH YCIOBHSIM, COOTBETCTBEHHO:

W3k-1(0,0)=0, w3x(0,0)=vi(D,p), w3i+1(0,9)=0. (17)
JIOTIOJIHUTENBLHO TTIOTPEeOyEM BBITIOIHEHHUS YCIIOBUI
Wi-1(7,0)—0 npu t—>+0, keN,. (18)

AmnanoruyuHeie 3aa91 MMOJYYarOTCA U3 COOTHOLICHUSA (8)

Lq_, = a;f,? - cnq-1 = g, (.9)eDr, (19)
Lqo = — 21 —n?q_, — 1§, (np)eDy, (20)
Lg, = —Z—?—%—nzqo, (M.9)€Dy, o)
Lasp-1 =— aq;’,;‘z - 62§;§‘3 — 1%qak—2 + 9 + Bio(), (,0)€Dy, (22)
Lqsy = — 22t — aZ;;’;” ~0*qsk-1 = Gk + Bie1(¢In, (.9)€Dy, 23)
Lqzpr = — 62—;’( - % —n%q3y, (M,9)eDy, (24)
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N3 Broporo cootHomeHus (4) cumemyer, uto pemeHus ypaBHeHui (19)-(24) mOMKHBI
VAOBJIETBOPSTH CICTYIOIIUM YCIOBHSIM, COOTBETCTBEHHO:

¢31-1(0,0)=0, g3:(0,0)=vi(a, ), g31+1(0,9)=0, keNy. (25)
JIOTIONHUTENBHO TTOTPeOyeM BHIOIHEHHS YCTOBHIA
qr-1(N,9)—0 npu n—>+o0, ke Ny. (26)

[Ipu n=1 cnenyer cymiecTBOBaHUE, €AMHCTBEHHOCTh M OECKOHEUHO TU(PepeHIIPYEMOCTh
pemenuit ypaBuenuii (11)-(16) u (19)-(24) ynoBiaeTBOpsAIOMIMX COOTBETCTBEHHO yciaoBusM (17) u
(25) B kmacce QyHKIHIA, pacTyIUX HE OBICTPEE KaKOH-IMOO0 CTENIECHH T U 1] COOTBETCTBEHHO.

Teneps mepeiiaeM K 10Ka3aTelbCTBY CyIiecTBOBaHUS GyHKImi Ay, Br,€ C*[0,21t] j=0,1 npn
KOTOPBIX perienus ypasueHuit (14)-(19) u (22)-(27) yaoBieTBOPAIOMINUX COOTBETCTBEHHO YCIOBUSM
(17) m (25) npunaanexarb Kiaccy (QYHKIUI yOBIBAIOIIMX CTEINEHHBIM POCTOM IO T H 1,
COOTBETCTBEHHO.

CymectByroT Takue GyHKunn Ay, Br;€ C7[0,21] j=0,1, k€N ynoBiIeTBOPSIOIE PABEHCTBAM
(10) 1 mpu 3TOM CcripaBeAJIMBBI COOTHOIICHHUS

Wigers (7, @) = By 20822 00,12, k=1,0,1...., T->+o0, 27)
q3k+S(nJ ¢) =2 %{jw& SZOolazo k:_1:071:°'-7 T]_>+007 (28)

e wij, qi,; € C7[0,2m].

Kak ormernnu Bbime, cmbicn paBeHCTB (10) cocToMT B TOM, YTO NMPH TakuX (YHKIHUSX,
KOTOpbIE ABJISOTCS pemeHusMu (10) He MOryT BIMSTH Ha PErylspHOE BHelIHee peuienue V(p,o,e),
Tak Kak VkeN: Ay o(Q)+Ar 1(0)(b—p)+Br.o(@)+Bi1(¢)(p—a)=0.

[Ipumensts nemmy 2 npu n=1 k ypaBaenusim (11)-(13) u (19)-(21), nonyqyaem

w_q(t,¢) = 27 W‘Lﬂ(@ wo(T, ) = X7 W°31—+3(¢) wy(t,$) = 3% W1,3j-.|-2(¢)

3J+1 3j+3 3j+2

41 (0, d) = X~ q13]+1(¢)9%(77:¢)_ o q“f““’”, 0 (1, ) = 3% w,r—ww,n—ﬁw,

3]+1 3]+3 n3]+2
e w, qr;€ C710,27].

Honyctum, uro VkeN crpaBennussl cootHomeHus (27), (28). Torna, npu k=s+1, umeem
Owszsy1  0%wss

_ 2 b
Lwsgyy = ot agz ¢ Wast1 + gdy1 + Asi1,0(P),
OW3st2 0%*W3s41 2 T b
Lwsgys = ot oz T Wastz T s+t + Agi11(P)T,
_ OW3s43 0“W3s42 2
Lwsgyy = ar a2 T"W3s43,
7 _ 0q3s41 az%s 2 a
Lqzs42 = T Ton  agz M d3st1 + gér1 + Bss1,0(9),
7 _ 0q3s+2 62%s+1 2 n _a
Lqzs43 = — am 0p? N q3s+2 = _Gs+1 + Bs+1,1(¢)77,
7 _ 0q3s+3 BZQ35+2 2
Lqzs4q = — an og2 N"q3s+3-

Orcrona nmeeMm
W3s41,2(3)= 9011 ($)—Asi1,0(d) + Z W3s+2,3j+1

W3sy2 = T 3j+1
W3s+3,3j+3
W3s43 = Do Tﬂj eci Agi1,0(Q)=W3st1 2(Q)—c Agsi1.1(P), a TaKKE
v W3s+4.3j+2
W3S+4- = j=0 —‘[3j+2 5 T—>+t00.
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Amnanoruyso,

_ Q35+12(@)—g¢11(P)—Bsi1,0(P) + Zoo A3s+2,3j+1
q3s+2 = n j=1 U3j+1 ’
q3s5+3,3j+3

Q3543 = Xj=o —arrs - €O Byt o(@)=q3511.2(9)~CBs+1.1(¢), 1ipH oTOM

__ v 93s+4,3j+2
q3s+4 = j=0 7I3j+2 H

n—>+oo.
B pesynbrare nonyyaem cucTeMy ypaBHEHUH C IByMsI HEU3BECTHBIMU As+1.0(QP), Bsr1.0(Q):
Wist12(P)€ As1,1(Q)F0As11,1(9) 3541 2(P)—CBsr1,1(@)—aBs+1,1(9)=0,
—Ag1,1(@)+Bs+1,1(9)=0.
CucreMa UMeET eIUHCTBEHHOE PEIICHHE:

_ \_W3s+1,2(P)+d35+1,2(¢) _ _
Asr1,1(@)=Bs+1,1(p) . s As+1,0(Q)=q35+1,2(P), Bs+1,0(@)=W3s41,2().

W3s+1,2(P)+q35+1,2(P) 4
c b

s+1,0(@)=G35+1.2(P), Byr1,0(9) =
— Wigr12(0) ans VkeN cnpaBennuBbl cootHomieHus (27), (28), T.e. UMEIOT MECTO COOTHOIICHHUS
(18), (26). Jlemma mokazaHa.

CanenoBarenbHo, PH Agi1 1(Q)=Bs+1.1(9)=
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