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Annomayus. Mopenu MHOTHX 3a7a4d MPHUKIAIHOTO XapakTepa CBOIATCS K MHTETpajbHbIM
YpaBHEHUSAM, CPEIU KOTOPBIX HEKIIACCHUECKHE YPaBHEHUS MPEACTABISIOT 0COObIN HHTEpEeC U Majo
n3ydyeHbl. VIHTerpanbHble ypaBHEHHMsS UIPAIOT BAXHYK pOJb B  pas3delie  HHTErpo-
muddepeHINATBHBIX  ypaBHeHHUH. [Ipy MOMOIMM HHUX pa3BHBAIOTCS COBPEMCHHBIC HAyKH U
TEXHOJIOTHH, T. €. IIUPOKO TMPUMEHSIOTCS B pasjeliax MaTeMaTUKH, HWCIOJB3YIOTCS B (DHU3UKe, B
TEXHHKE, MEXaHHKe, B PaJUOTEXHHKE, B KOMIIBIOTEPHBIX TEXHOJOTHSIX, Teo(U3UKe, TEopHUu
yhpaBieHuss U T. . Pa3BuBarOTCs HOBbIE OOJIACTH, CBSI3AHHBIE C NMPUMEHEHHUEM HHTETPATbHBIX
YpaBHECHHI, HAIpUMEp, SKOHOMUYCCKUE HAYKH, HEKOTOPBIC pa3ieiibl OMOJIOTHH U B YIIPABICHHUH
T.1. C TOMOIIBIO COBPEMEHHBIX KOMITHIOTEPHBIX TEXHOJIOTHM TMOSBISETCS BO3MOXKHOCTD
peanuzaiiy pasHoo0Opa3HbIX YHCIOBBIX TEOPHI M MOAETUPOBAHUE CIIOKHBIX MpolieccoB. Takum xe
o0pa3oM MHOTHE 3a/la4d TPUBOIATCA K HUHTETPAIBHBIM WIM K HUHTErpo-AuddepeHnnaIbHbIM
ypaBHeHUsAM. I B TakoM ciydae Ha MEpBBIM IJIaH BBIABUTAETCS KAaYE€CTBEHHOE HCCIIEAOBAaHUE
pemeHuit 3amad. OjHaKo, ypaBHEHHUs C JBYyMsl TEPEMEHHBIMHU TMpEIeTIaMH HHTETPUPOBAHMUS,
KOTOpbIE HAa3bIBAIOT HEKJIACCHUYECKUMH, Malo0 H3y4eHbl. OTO OOBACHSAETCS TPYOHOCTAMU B
IIOCTPOCHUHU PE30JIbBEHTHI U B COCTABJICHUU COOTHOLIEHUS I HeEe, T. K. €lle HE IOJy4EHO
aHAIUTUYECKOE TPEJCTaBICHNE B OOIIEM BHJIE 3a UCKJIIOUEHHEM HEKOTOPHIX MOJIENbHBIX CIydaeB.
[TosTOMy Takue uccieaoBaHMs PEIICHUM SBIISIFOTCS aKTyaJIbHBIMU. B 3TOM paboTe paccmarpuBaercs
pEeLIEHHE U peryisipu3alys JUHEWHOIO0 HEKJIACCHYECKOIO0 MHTErpaJbHOTO ypaBHEHHUs Bosbreppa
IepBOro poja. JIMHENHOE HEKIIACCUYECKOE MHTErpAJIbHOE ypaBHEHHE Bosbreppbl mepBoro pona
pemaeTcss ¢ MCIOJIB30BAHUEM IIPOM3BOIHOM M ONpENENseTcss peryiaspusanuen. JlokazaHHBIM
daktoM chopmynupoBaHa Teopema. Mcronb3oBaH = COOTBETCTBYIOIIMNA TMPUMEP, KOTOPBIMA
MOJTHOCTBIO PACKPOET PELIEHUE U OLICHKY.

Abstract. Models of many problems of an applied nature are reduced to equations by an
integral equation, among which non-classical equations are of special interest and little studied.
Integral equations play an important role in the section of the integrodifferential equation. With the
help of them, modern sciences and technologies are developing, i.e. they are widely used in the
branches of mathematics, are used in physics, in mechanical engineering, in radio engineering, in
computer technology, geophysics, control theory, etc. New areas related to the application of
integral equations are developing, for example, economic sciences, some sections of biology and
management, etc. With the help of modern computer technology, it becomes possible to implement
a variety of numerical theories and simulate complex processes. In the same way, many problems
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are brought to integral equations. In this case, a qualitative study of problem solving comes to the
fore. However, equations with two variable limits of integration, which are called non-classical, are
poorly understood. This is due to difficulties in constructing a resolvent and in compiling a relation
for it, because an analytical representation in general has not yet been obtained, with the exception
of some model cases. Therefore, such research decisions are relevant. In this paper, the solution and
regularization of the nonlinear nonclassical Volterra integral equation of the first kind is considered.
The linear nonclassical Volterra integral equation of the first kind is solved using a derivative and is
determined by regularization. The theorem is formulated by the proven fact. An appropriate
example will be used, which will fully reveal the solution and evaluation.

Knrwouesvle cnosa: uHTeTpa, ypaBHEeHUE.
Keywords: integral, equation.

WuTerpanpHble  YpaBHEHHUS TIEPBOTO pPONIA SBISAIOTCS OCHOBHBIMH B pasfelie HHTErpo-
muddepernnanbHbIX ypaBHeHud. Haz aToit mpoOiemoii paboTanu MHOTHE MareMatuku [1-5].

PaccmarpuBaercs perieHue W peryispu3anisi HEKJIACCHYECKOTO MHTETPAIbHOTO YPaBHEHUS
Bonsreppa mepBoro popa. IlocraBnena 3amada W BBeAeHA HOpMa pemieHus u(?). Pemraercs
HEKJIACCHYECKOe MHTETpaIbHOE ypaBHeHHE Boisreppa nepsoro pona. Jlanee orieHnBaeTcs peneHne
MHTETPAJbHOTO ypaBHeHHs Bombsreppa mepBoro poxa. B wurtore nokasaHHbIM  (hakToM
dopmynupyercst Teopema. PaccMOTprUM COOTBETCTBYIOLIHIA IPUMED.

Ilocmanoska 3a0auu:

PaccmoTpuM mHTErpaibHOE ypaBHEHHE

[K@EsuEds - £ telty.T] (1)

a(t)

a(t), K(t,s) u f(t)- 3amammse dynxuun, tie a(t) e C'[t, T1, at)=p<t,, f{t)eC't,,T],
()<t mpu  Becex telt,T] , K(,S) u K/(t,s)- HenpepbiBHbIe (YHKIMM B 001acTH
G={(t,s): a(t)<s<t<T}, a(t)- Bo3pacraromas ¢pyHkuus B [t,,T].

Jlst u(t) e Clt,, T] BBeIeM HOpMY ||U(t)||c ztes[ge]|u(t)|

[Ipenmonoxum BHITIOTHEHUE CIISTYIONINX yCIOBUI:

a) K(t,s) u K/(t,s)— HempepbiBHbIe (PyHKIMU B obnactu G={(t,s): a(t)<s<t<T}, K(t,t)>a>0
IIPU BCEX te [to,T] ;

b) aft), ot , ft), f't)eClt,.T], alt,)=p<t,, a(T)=t,, npu Bcex te[t,T], tae aft)-
Bo3pacTaromas ¢pyHkuus B [t,, T]. [lycTs

u(t)=o(t), telBt,] )

rie ¢(t)- usBectHas HenpepsiBHas Gyukuus B [£,t].

Pewenue:
[Tycts te[t,, T]. Torna muddepenimpys uarerpansuoe ypasuenue (1), umeem [5-7]:

K (t,t)u(t) — K (t, a(t)u(a () e’ (t) + jK;(t,s)u(s)ds — /(1)
al(t)
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OTCHOJa IMOJTYYUM:

K(t,a() K/(t,s) L PO s teft,T] 3)
u(t) = K (D) u(a(t)a'(t) - J{) K(L.D) u(s)ds K(t,t) 0
YuurteiBas ycioBus a), b) u (2) unTerpanpHoe ypaBHeHue (3) 3amuiieM B BUJIE:
_[Kits) teft,T )
u(t) = j <y VOB PO [t T]
e
K(t,a(t) K!(t,s) PO e T (5)
PO=" iy e a{t) Ky OBy telT]
Monaras 1 =1 u yunteBas (2) u (5) u3 (1) u (4), momyanm:
ty (6)
j K (ty, s)u(s)ds = f (t,)
a(ty)
_ Kty (o)) "y f Ki(to,s) f'(ty) (7
)=y A~ | RS
PaccmoTpumM crienyroiiee HHTErpaibHOE YpaBHEHHE
h ®)
a(t,€) + jK(t, S)V(s,)ds = f (t) + ap(t,)
a(t)
C YCIIOBHEM
v(t,2) = o(t), LE[F/L] ©)
rne &€>0 — nekoTopelii Manblii mapamerp. B uHTerpambHOM ypaBHeHuH (8) crenaem
MOJICTAHOBKY:
v(t,e)=u()+<&(t &), te[B,T] (10)
noznctasuB (10) B (8), umeem:
t t (1 1)
a(t)+ & (te)+ [Kts)u(s)ds+ [K(t,8)&(s,s)ds = f (1) +ap(t,)
a(t) a(t)
B cuny (1) u3z (11) nonyuum:
b (12)
Z(t,e)+ [K(t,9)E(s, £)ds =elp(ty) —u(t)]
a(t)
Yuureisas (10), yciaosuro (9) u (2) umeem:
&te)=0; Le[AL]. (13)
U3 (12) pazaenuB UHTErpas MOTYUHM:
:@ ® Tun auyensuu CC: Attribution 4.0 International (CC BY 4.0) 15



broemens nayxu u npaxkmuxu [ Bulletin of Science and Practice T. 9. Ned. 2023

https://www.bulletennauki.ru https://doi.org/10.33619/2414-2948/89

to t (14)
560 + [ K(69)E0ds + [ K6 9)560ds =elotto) - u(®)

a(t) to

&t,e)+ T K(t,s)é(s, e)ds + j K(t,s)&(s, €)ds = g[o(t) —u(t)] .
) t0

a(t

B cuny (13) umeem:

0 (15)
j K(t,5)é(s,e)ds =0 ¢ <511
a(t)
M OTMETHM, 4TO ¢(t,)=u(t,);
Torna B cuny (15) u3 (14) nonyuum:
h (16)
& (t,&)+ [ K(t,5)&(s, £)ds = elp(t) —u(t)]
Huddepenunpys ypasuenue (16), nmeem:
' 17
&'t e)+ K, 1)E(, &) +_f K/(t,s)&(s, €)ds = —eu'(t) (17
C HauaJIbHBIM YCIIOBHEM
5t ) =0 (18)
VYpaBuenue (17) nuueliHoe MHTErpo-au(PepeHIIaIbHOe YPaBHEHUE NIEPBOTO MOPsIKa
(19)

£t )+ KEDE® ) =—U'(t) — = [ KI(t,$)E(s, £)ds
& €y,

¢ ycioueMm (18). 3amaga Komm (18)-(19) sKkBUBaJIEHTHBI CIEAYIOIIEMY HHTErPaTbHOMY
YPaBHCHHIO:

t —%tK(r,r)dr 1 s (20)
E(t,e)=—[e " [u'(s) +=[Kl(s,7)&(r, g)drjds
t &ty
Teneps Bocnonezyemcs popmysnoit Jupuxie [8] u u3 (20) umeem:
E(te) = [H(t 7, £)E(r, )dz+ F(t,2) @D
rae
1 t —ltK(r,r)dr (22)
H(tr,e)=—=[e " K!(s,7)ds
8 T
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—lt K(z,7r)dr (23)

F(t,g):—j'e " u'(s)ds |

Mycrs M, = sup K/ (t,s)| <o, Uy =|u'(t)]. = <0
(t,5)eG
Torma u3 (22) u (23) umMeeM OIEHKY:
0! S —ia -S . (24)
|H(t,2',8)| IM ) s:%gef =) gm;(t,r)eG
ag w, @
o, (25)
IF(t,e)| sjuoe s = u0 te[BT]
t0
Hanee B cuity (24) u (25) u3 (21) umeem:
t
M (TN (26)
t,e) < | —2|&(z, e)ldr +—— -
£(t.e) j a2 e
C nomompto temmsl ['ponyosia-bennvana [9] u3 (26) nonyyaem:
o [t
|§(t 8)| _e‘o 9 t € [tO'T] , T. €.
Ug| Mogrt) (27)
2], < el

o(T to)
a

nocieanuii crpemures k Hymo npu € —> 0, T e. I|m||(§(t g),. < lim [ |e =0

Jloka3aHHBIM ()aKTOM BBIIIE MOKHO C(POPMYIMPOBATH CIEAYIOLIYIO TEOPEMY.

Teopema: TyCTh BHIIONHAOTCS YCioBus a), B) U Gynkims U(t) € C'[t,, T] sBusercs pemennem

uHTerpanbHoro ypaBHeHus (1) ¢ ycinosuem (2). Torma pemieHusi UHTErpajabHOTO ypaBHEHHS (&) ¢
yeaosueM (9) cxonutcest pentenuro Ut)mpu & —> 0, T. e. cipaBeMBa clieyromiast OeHKa

||V(t,g) — u(t)||c <M

rac
U, °(T —to)
u, Ll o
24
Mo
(t,5)eG

prwep PaCcCMOTPHUM CIICAYIOIIECC NHTCTPAJIbHOC YPABHCHHC!

0 (28)
Ie"su(s)ds =e'; te[0]]

C YCJIOBHEM
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ut)=e', t e[-1,0] (29)

3necy a(t)=t-1, L, =0, g—_1, T=1, K@s)=e—*, a'(t)=1, f(t)=¢'. Kpome Toro
npeanonoxum, uto npu t € [—10] u(t)=¢', p(t)=e'. B stom ciyuae K(t,a(t))=¢, K/(t,s)=¢€""*,
K(t,t)=1 mpu (,5)=G={(t,s):t-1<s<t<T}

[Tposepum ycioruto (6) u (7):

0 0
je’sesds = Ids =1,
-1 -1

0 0
1=¢(0) = P(0) :ee’l—Ie’sesds+1:1—jds+1:2—1:1.
-1 -1

Pemenue mHTerpasibHOrO ypaBHeHHs (28) ¢ ycmoBueM (29) SKBHBAJCHTHO K CIEIYIOIIEMY
HWHTETPAIbHOMY YPaBHEHHUIO:

t 30
u(t) =P(t) —J'e“su(s)ds, t e[0:1] G0

e
0 0
P(t)=ee"" - je"sesds +e' =g —¢' Ids +e'=2¢' —e‘s\f_l =2t +e(t-0) =€'(2+t-1)= e'(t+1)

t-1 t-1

P(t)=€'(t+1); te[ox (31)
Torna pemenue nHTerpaabHOro ypaBHeHus (12) 3anuceiBaercs B BUJE:
R(t,s) =—e" e =1

u=s+1 dv=e’ds
du =ds v=g°

u(t) =e'(t+1) —jes(s +1)ds =

t
=e'(t+1) —e*(s+1), +Ie5ds =e'(t+1)—e' (t+1)+1+e° ; =l+e'-1=¢
0

T.C. OKOHYATCJIbHO MMOJYUYUM PCIICHUC
u(t)=e' (32)

Tenepr onenuM perienue ypaBHeHus (28). B 3Tom ciyuae Ui MHTErpaJbHOTO ypaBHEHUS
(28) ypaBHeHue (8) 3anMchIBaeTCA:

L (33)
av(t,e) + Iet’sv(s,g)ds =e'+¢, te[01],
t-1
A HavanbHOE ycnoBHe (9) BEINIAIUT CIEAYIOIUM 00pa3oM:
V(t,e)=¢', t<[-10], (34)

To ecth Oynem pemiate uHTErpanbHOe ypaBHeHue (33) B ycnosuu (34). Tenepb Mbl OKaxeM
peryaspusai peueHus HHTerpaabHoro ypaBHeHus (33) B HauajabHOM ycnoBuH (34) u pemieHus
WHTETpAJIbHOTO ypaBHeHUsi (28) B HavanbHOM ycnoBuu (29). Jlnsg sToro mnpousBeneM
npeoOpa3oBaHUe B MHTETPAIbHOM ypaBHEHHH (33) clieayromuM o0pazom:
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v(t,e)=e'+£&(s,¢) , te[0:], (35)

3areM Mbl IPUBEAEM €T0 K CIEIYIOIIEMY HHTErpajlbHOMY YPAaBHEHUIO OTHOCUTENBHO &£(t, &)

C HaYaJIbHBIM YCJIOBUEM.

C (36)
& (t,e)+[e (s, e)ds =2, tefoal,
1
E(t,e) =0, te[-10], (37)
Torna 3amava (36) - (37) cBOAUTCSA K CIIEAYIOIIEMY UHTETPAIbHOMY YPaBHEHUIO:
¢ (38)
& (t, &)+ j e)E(s, g)ds = e[l—e'], te[0],
0
Huddepenuupys ypaBuenue (38), umeem:
t
£&'(t,6) + £(t,6) + [€°¢(s, £)ds = —ee', te[0n],
0
MOCJIeIHEE YPaBHEHHE MIEPEITUIIIEM B CICIYIOIIEM BHIC:
39)

E'(t,e) +£§(t,€) =—¢' —ijet_sf(s, g)ds, te[01],
g £

ypaBHeHus (39) nuHelHoe HHTErpo-nud@epeHuanbHOE ypaBHEHHE NEPBOrO MOpsijaKa ¢
HayaJIbHBIM ycioBHueM (37) HanuileM 3KBUBaJeHTHOE ypaBHeHHe 3aaa4a Komu (39) u (37):

P s (40)
Et,e)=— j ec |e'+ j e E(r,e)dz |ds
ty to
Ternepsb B cuny (21) umeem:
‘ (41)
() = [H(t,z,8)E(r,e)dr + F(t. )
to
e
t o1 t ool 1 e 1\ (42)
-~ (t-s) “sr-= PR T
H(t,T,g):_lJ.e gt e(Sﬂ—)dS:—lJ.e ¢ gtdsz[—ie € gtj g 1 [etf_e E(t )j’
o 2 e+l c+1
T 43)
F(t,e)= —je ¢ e’ds
tO
Teneps ot (42) u (43) NOTYyYUM CIEAYIOLINE OLIEHKH:
et (44)
e  —e-

|H(t,z',g)|Si <M, =e,
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= (45)
=e¢

-s)

t 1 1
—>(t-s) It
|F(t,g)|§_|'e ¢ “e*ds<ece ¢
0

s=0
VYyuuteiBas ouenku (44), (45), uz (41) nonyqaem:

t (46)
&t &) < [elé(z. e)|dz + e, teoa].

Hcnons3ys HepaBeHcTBO ['ponyosia-bemvana mist (46), MBI TIOJTy9aeM CISAYIOIIYIO OICHKY:
5t )] <vt.&) —u)],. =[vt.) '], <ee’e
TOCIIEHUH CTpeMuTCs K Hymto ipu € —> 0, T e. lim||£(t, £)[ . <limee®s =0
£—0 -0

Yro TpeboBanoch — J0Ka3aHo.

3aknoyenue
[TocraBneHHas 3a/aya MOJHOCTBIO PEIICHA, T. €. HEKJIACCUYECKOE MHTETpalibHOE ypaBHEHHUE
Bosereppa mepBoro poaa ¢ NOMOLIBIO IPOM3BOJHOM pEIIEHA M BbIABICHA PETYIspU3aIUs.
JlokazanabiM pakToM chopmynupoBaHa TeopemMa. [I[puMEHEH COOTBETCTBYIONINI TPUMEP, KOTOPBIHA
MTOJIHOCTBIO PACKPBIBAET PEIICHHUE U OLICHKY.
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