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Aunnomayusn. Paccmorpena cucrema audQepeHIHaTbHBIX ypaBHEHHH C YacTHBIMHU
IIPOU3BOAHBIMU BTOPOTo nopsiika. [IpaBas 4acTb CHCTEMBI COAECPKHUT IPOU3BOAHYI0 HEU3BECTHON
(GYHKLMY 110 TPOCTPAHCTBEHHOM MEpeMEHHOM MepBOro MOpsAIKa U CHCTeMa SBJseTCS HeTUHEHHOM
10 OTHOIIEHUIO K Hen3BeCTHOM (QyHKuuU. KoadduuneHT npon3BoiHON HEM3BECTHON (PYHKLIHHU 1O
MIPOCTPAHCTBEHHOM NTEPEMEHHOM MEPBOTO MOPsAKa 3aBUCUT OT HEM3BECTHOM (pyHKIMU. B HacTosee
BpEMsS OIHOW W3 AaKTyaJbHBIX 3a/Jad sBIETCA pPACIPOCTPAHEHUE METOAA JOTOJHUTEIBHOIO
apryMeHTa Ha cucreMy Iu¢@epeHIHalbHbIX YPaBHEHUH C YacCTHBIMM IPOM3BOIHBIMU OoJsee
BBICOKOTO Topsijika. Panee mpumensuach k cucreme nuddepeHInanbHbIX ypaBHEHUN B YaCTHBIX
MIPOM3BOAHBIX MEpBOro mopsiaka. B pabore 3amaua Komm ans paccMmarpuBaeMOM CHUCTEMBI
muddepeHnaIbHbIX YPAaBHEHUH B YaCTHBIX MPOM3BOJHBIX BTOPOTO MOPSJIKA CBOAUTCSA K CUCTEME
UHTETpabHBIX YpaBHEHMW. B IpuBeAEHHON cCHCTEME WHTErpajbHbIX YPaBHEHHM YHUCIIO
HEU3BECTHBIX pABHO IIECTH, W H3y4aeTcs CYyIIECTBOBAHWE U E€AMHCTBEHHOCTh pEILIEHUs
paccMaTpuBaeMoOi HHTErpalibHON cucTeMbl. OHa 00ecTeunBaeT CylIIECTBOBAHNUE U €IMHCTBEHHOCTh
pemieHust cucteMsl AudQepeHnnanbHbIX YPaBHEHUH B YaCTHBIX MPOU3BOJHBIX BTOPOTO MOpPSIKA.
[TpuMeHsTCS MPUHLUT CXKAThIX 0ToOpaskeHHi. Mcnone3yercss Heckonbko 0003HaueHn. OCHOBHON
LeJbI0 METOJIa JIOTIOJIHUTEIBHOIO apryMeHTa SIBJSETCs MPUBEICHNE MCXOIHOM 3a/laud K cucTeMe
MHTErpaibHbIX ypaBHeHU. MccnenoBansl nuddepenimanbabie ypaBHEHUS B YaCTHBIX IPOU3BOAHBIX
OoJiee BBICOKOTO MOPSIKA, a TAKXKE MHTETpo-AuddepeHtnanbapie ypaBHeHUs. B otnnume ot metona
XapaKTepPUCTUK, HET HEOOXOAUMOCTH NMPUBOAMTH CHCTEMY K KaHOHMYecKoi (opme. IlomydyeHnHble
pe3yabTaThl MOXKHO PACIPOCTPAHUTh Ha Cllydald, KOTJla ypaBHEHUS CHUCTEMbI COJEp’KaT YaCTHBIE
MIPOM3BOAHBIE TIEPBOTO MOPSIJIKA [0 BPEMEHHU.
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Abstract. In this article, a system of second-order partial differential equations is considered.
The right-hand side of the system contains the first-order spatial derivative of an unknown function,
and the system is nonlinear with respect to the unknown function. The coefficient of this first-order
derivative depends on the unknown function itself. Currently, one of the relevant problems is the
extension of the method of an additional argument to systems of higher-order partial differential
equations. Previously, this method was applied to systems of first-order partial differential equations.
In this work, the Cauchy problem for the considered second-order system is reduced to a system of
integral equations. The resulting integral system contains six unknown functions. The existence and
uniqueness of the solution of this system are studied, which ensures the existence and uniqueness of
the solution to the original system of second-order partial differential equations. The contraction
mapping principle is applied to the system of integral equations. Several auxiliary notations are
introduced in the reduction process. The main purpose of the method of an additional argument is to
transform the original problem into a system of integral equations. Using this method, higher-order
partial differential equations as well as integro-differential equations have been investigated. It should
be noted that, unlike the method of characteristics, this approach does not require reducing the system
to canonical form. The results obtained in this work can also be extended to the case where the system
contains first-order partial derivatives in time.

Knwouesvie cnosa: MeTon NONOIHUTEIBHOTO apryMeHTa, CHCTEMa, YacTHBIC IPOU3BOIHBIC,
BTOPO¥ MOPSAIOK, MHTETPAJIbHBIE YPaBHEHHSI, C)KaTOE OTOOpaKEHHE.

Keywords: additional argument method, system, partial derivatives, second order, integral
equations, compressed mapping

PaCCManI/IBaCTCSI HCIIOJIb30BAHUEC MCTOHAA MAOIOJHHUTCIBHOIO aprymMeHTa, IpeaIaracTcsa
cieayromiasa CucreMa:
2 2
0% (t,x) 9%u;(t, x) ou; (t,x) (1)

T ajz( ,x)T+cj(t,x,uj(t,x))T+Fj(t,x,ul,uz),

i=12  (tx)€Q,(T)=[0,T] XR.

®ynxuun B (1) aj(t,x) # 0,j = 1,2 n 3a1aHbI HAYAIBHBIE YCIOBHUSL:

2

W = (,bk(x), k=01, j=12, x€R.
t=0
[leap cocTouT B TOM, YTOOBI MpHUBECTH 3aaady Komm ajisi paccMaTpHBacMOW CHCTEMBI K
HHTeraHBHOﬁ CUCTCMC C MOCICAYIOMUM JOKA3aTCJIbCTBOM CYHICCTBOBAHUA W CIWHCTBCHHOCTH
peuicHu-d HHTCTpaﬂLHOﬁ CUCTEMBEI. I[J'Iﬂ JOCTHUKCHUA 3TOU oejim HadOo BBECTHU HECKOJIIBKO
O6O3HaLICHI/H7I. ByI[CM HCIOJIB30BATh CJICAYIOIINUC 0603Ha‘{eHI/IH:

gij(t, xX,Ww) = ﬁ [c;(t, x,w) + (—1)i(ajt(t, x)+ (—1)i+1aj(t, x)ajx (L, x)], (3)
i,j =12,
ag{ (t,x,w) . “4)

r/(t,x,w) = (1)1 . 0,j=1.2.

ow

Onpenenenus NpocTpaHcTB GpyHKUIUN MoxpoOHO onucaHbl B paborax A. JK. AmmupbaeBoi, 3.
A. MawmasuseBoit, M. U. Umanamues, C. H. Anekceenko [1-2]. [loaTomy He OymeM moapoOHO
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OCTaHAaBIIMBAThCsl Ha OIpeIeIeHHsI TPOCTPaHCTBaX (YHKIIMIA, HCTIONb3YeMBIX B paboTe. PaccmoTpum
CJIEIYIOIIIE BCIIOMOTaTeNIbHbIE HHTETPANIbHBIC YPABHEHUS:

plst,x)=x+ (D[] ap/(ntx))dr,ij=120<s<t<T. Q)

W3 Teopuu HMHTErpaibHBIX YPaBHEHMH HaM W3BECTHBI, 4TO C OQynkuued a;(t,x) €

2 ;
C,g )(Gz (T)), j = 1,2 unrerpasnbHble ypaBHEHUs TUMA (5) UMEIOT €AMHCTBEHHBIE pemieHus [3-4].
JIist permieHui 3TUX UHTETPAIBHBIX YPABHEHUM UMEIOT MECTO CIEAYIOIINE YPAaBHECHHUS:

apij (s,t,x)
ot

Hcrionb3yeM JOMOTHUTEIbHOE 0003HAYCHHE:
& W(t,x) = (—D"D[(-1)*a;(t,x)]g] (6, x, W(t,x)), i,j=12.

ap{ (s,t,x) _0

+ (—1)'a;(t, x) P ,

ij=1.2.

TEOPEMA. Ilyctb

Dlx) € CETW), k=01, j =12, a;(t,x) € CP(Go(T)), j =12

2) ¢i(t,x,w) € CP(Go(T) x R), j =12

W 5Tu (yHKUMM M MX YacTHbIE MPOU3BOJHBIE NEPBOrO MOPSAKA YIOBIETBOPSIOT YCIOBUIO
Jlnnmmna no aprymenty W,

3) pyukumu F;(t,x,uq, uy) € C ISZ) (G,(T) X R?), j=1,2 u ynoBIETBOPAIOT ycI0BuUIO Jlummmma:

|P}(t' X, u%'u%) - F}-(t, X, uf,u§)| < Llllu% - u%”Gz(T) + LZ”“% - u%“Gz(T)r L; = const,i = 1,2,
Torna cymecTtByeT Takoe HeoTpHuLaTeapHoe yncio T*, yro 3agaqa (1)-(2) umeer eqMHCTBEHHOE
pemenue B C 152) (G,(T). MbI noaTBepKIaeM JOKA3aTEIbCTBO TEOPEMBI JOKA3aTEIECTBOM HECKOJIBKHX

JeMM.
Jlemma 1. Pemenune 3anaun (1)-(2) ynoBineTBOpsieT CHCTEME HHTETPAJIbHBIX YpaBHEHUH,
coCTOsIIIEeH U3 ClIeAYIOMUX 6 HEN3BECTHBIX, U UMEET MECTO U OOpaTHOE:

o t . 6
(6, %) = pJ (P} (0, £, 1)) + f 91 (s,pl (s t, 1))ds; ©

0

, 1 . . o1 7
9/ (t,x) = E‘/’L] (] (0,t,x)) + (—1)** E‘g‘] (t, 2, u; (t, 0)u;(t, x) + )
1t . . . .
+(—1)‘§]0 gi] (s, pi] (s, t,x), u;(s, pi] (s, t, x)))19i] (s, pi] (s,t,x))ds —
1t . . . )
_E,f £ (s, 0] (s, t, x);u;i (s, 0] (s, £, X)) w; (s, p] (s, £, %)) ds —
1t . ’ P ; , ) . .
_EL ri](s, pi],uf (s, pl.] (s, t,x))ul (s, pl.] (s, t, x))ﬁ?{_i(s, pij (s,t,x))ds +
t . . .
+f Fi(s,p] (s, t,%),u1(s,0] (5, t,%)), uz (s, 0] (s, £, x)))ds, i,j =12,
0
rre [297(t, %) + (—1)ig! (t, x, Wy (t, 0)]|t =0 =P/ (x) i,j=12 ®)
ﬁg(t, X) = D[(—l)iaj(t, x)]u;, D[w,v] = w% + v%. )
Lokazamenvcmeo. Ilo IIOCTPOEHMUIO, qbg (p{ 0,t,x)) + fot 19{ (s, p{ (s, t,x))ds =

G3(P1(0,£,%)) + [, 9] (5,04 (5,1, %))ds.
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[Tycth ﬁij (t,x), i,j=1,2, — ynosaerBopstotr (6), (7). Torma muddepenuupys (6), (7) ¢
ydyeToM o0o3HadeHus (9) nmMeeM:

D[(—1)ia;(t, )]y = 9/ (t,x), (10)
D[(—1)™*a;(t, x)]9/ (t,x) = (—1)i+1% gl (t,x,wW)9]_(t,x) + (1
+(—1)i%gij(t, x,u)9/ (t,x) + Fi(t,x,u3,up), i.j =12

Crnenosarensho, u3 (10), (11) moxyyaem ypaBHeHuto (1).

Hawm ynanock noka3aTth nepByIo 4acTh JIEMMBI, TO €CTh, YTO CUCTEMA HHTETPAIbHBIX YPaBHEHUN
YIIOBJIETBOPSET mocTaBiieHHou 3anade (1), (2). To ectb pemenue Cucremsl (6), (7) Oyzmer pemennemM
3anauu (1), (2). Ml noskHel noyuats (6), (7) u3z 3agauu (1), (2), npencraBaeHHON BO BTOPOM YacTH
JeMMBI. 3/1eCh UCHOIB3YeTCsS METO/ JOMOIHUTEIBHOTO aprymMenTa. [IpuMeHenns JaHHOro MeTosa
JUIS CUCTEM YPaBHEHHI MIEpBOTO MOPSIKa IPUBEIEHBI B paboTax [5, 6]. i mpuMeHeHus yKa3aHHOTO
METO/Ia MBI MO’KEM 3amnucath ypaBHeHue (1) B ynoOHoI /uis Hac dopme:

D[(—1)"*'a;(t, x](219](t x) + (—1)'g} (t x,wu) = (-1)igl (¢t x, u;)V; (t,x) — (12)
—f (&6 ) — 1 (& % w)u (8 )9, (6, %) + 2F; (6, x,u,up), 6 = 1,2.

(12) naer ypaBuenuro (1):

DI(=1)™1a;(t, )19/ (t, %) — 1/ (t, %, u)I] (t, ) (£, ) — 7 (&, % w)w (¢, x)
++(=1)ig! (t, x,u) 9] (t, x)
= (=1)ig] (t, 6, w9/ (t, x) — £/ (t, ;0w (t, ) — =7 (t, %, w)9]_, (£, ©)w; (¢, x)
+ Fi(t, x,uq,uz), Lj, k=12
Ortcroma
2D[(=1)"*a;(t, ) ]9/ (t, x) (=1)*1g! (t, x,w)9]_,(t, %) (13)

+ (=1)ig) (t, x, w9/ (t, x) + +2F;(t, x, u,wp), i,j = 1,2
azu](tx)

9?2 u](tx) 6u](tx)

M (13): 2 [ =L Z(t x) DI(—1)"* a;(t, )] a;(t, )| =
9u; (L, x) x)

— i+1 i+1 ( X) i J
= (-D"*g/ (txw) Framl Gl I ) + (=1D'g; (t,x,u;) X

+ (D)=

ou;(t,x
><< ’; )+( 1! a;(t, x) f( )>+2Fj(t,x,u1,u2), i,j =12
2.,. .
Oroo  2[=2E - 0 )a”’“’”ﬂ 1) 2482 pl 1)y (6 0y 2, 2)] =
2(c;(t,x,w) +(—1)'D[(—=1)*a; (£, )] a; (¢, x)aul(t") =12

Taxkum 006pa3om, MbI OKa3alin, BTOPYIO YacThb JemMMbl 1. Micnons3yem ob603HaueHHE:
. — 949/ i
zi(t, x;u;) = 29; (¢, x) + (—1)'g; (t, x, u)u.
Hns (12) ucnonb3dyem MeETOJ JOMOJHUTENBHOro aprymeHta. (CregoBaTenbHO, MOJIydaem
clenyrolee ypaBHeHHE, T.e. MHTEerpo-audpepeHnmnantbHoe ypaBHEHHUE:
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z(txu) = ¢/ (Pij(O, t, x)) (14)

t . . . . . t . . . .
(-1 f 91590y (5,08 (s, pl)ds — f £ (sl w5, p ) (s, p))ds
t . 0 . . . . . 0 t . .
- f 7 (5,001, (s, p) )y (5, )91 (s, pl)ds + 2 f F(s,plus,p))ds, i)
0 0
=1,2.

C momorrsio onepanuu qudhepeHIpoBaHMs MOXHO MOy4InuTh u3 (14) ypasaernue (13). A (14)
c yuetoM (3), (4) naet vam (7). s (10) npumensisi MeToAa JOMOIHUTEILHOTO apryMEHTa, TIOJTy4aeM
(6). CnemyeT OTMETUTh, 4YTO JJS pACCMATPUBAEMBIX YPAaBHEHHHM TakXke HMEIOT MECTO
COOTBETCTBYIOIIME HaYaJIbHBIC yciioBus (2), (8). Jlemma noka3zaHa.

Jlemma 2. CymiecTByeT Takoe HEOTPHUIATENLHOE YHUCIO 7*:, 4TO CHCTEMa HMHTErPajbHBIX
ypaBHeHuii (6)-(7) uMeeT eAMHCTBEHHOE perienue B oonactu G2(T%*).

okaszamenvcmeo. 3anuiiem cuctemy (6), (7) B Buze:

0(t,x) = A(t, x; 0), (15)

rne 6 = (01,02,03,02%,03,0%) — dynxuuu nepemeHHsIx (¢, x).
[TpuMeHeHBI 0003HAYEHUS: 91.] = 191.] (t,x), i,j=12, 93{ =u;(t,x), j =1,2;

_ L L o
A=(A} AL A3, A5, A3, AF), tie A[(t,x;0) =S¢ (p{ (0,t,)) + (—1)'"* - g{ (t,x,05)6; +
i1t i i i 1t i A i i i

+(=1)'3 Jy 9/ (5,0, 6] (5,p0)6] (s, 9)ds — 2 [ £ (5,173 03 (5,p{))63 (5, p{ )b —

10t i o ) ; o ) ¢ o ; o
Y fo ri] (s, plj, 93{ (s, plj))e’a{ (s, p{)@;_i(s, plj)ds + fo F}'(S' pl], 63{ (s, pl]))ds , LJ=12
. . . t . .
Aé (t,x;0) = qbé (p{ 0,t,x)) + J 91] (s, p{ (s,t,x))ds.
0

MBI 10KHBI J0Ka3aTh, uTo ypaBHeHuE (15) umeer B obnactu G2(7™*) npu HeOTpULATETLHOM
T* pemieHue W OHO enuHCTBeHHO. Hopmy ompemenum crieayrooumMm  obpasom: ||8]]. =

. | = 1,2,3).
(t,x')’é?ﬁﬁr*){ 10;(t, x)|, i =1,2,3}

N3 ycnoBuil TeOpeMbI UMEEM:

1. A(t,x;0) orpanrueHO.

2.11A(6) =A@ =T +L*6"=6"ll.,

rae L* — HekoTopas KOHCTaHTa, ompejaesseMas W3 HOpM M Kodddumuentos Jlummmuia
3aJIaHHBIX (QYHKIIHH.

Ilo npunyuny corcamvix omoopadscenuti MON*CHO YMEEp#coamy, 4mo Jjemma 2 O0KA3aHd.
Cnedosamenvho, Teopema doxaszana.

Bui1600b1

[IpuBenn 3amauy Komm s paccmarprBaeMOW CHCTEMBI K MHTETPAIbHOM CHCTEME C
MTOCJENYIOINUM JIOKA3aTeIbCTBOM CYIIECTBOBAHMS M €IMHCTBEHHOCTH PEIIEHUS HHTETPaJbHOU
cucteMsl. [lonyueHHbIe B cTaThe pe3ysbTaThl MOKHO pACIIPOCTPAHUTD HA Ciy4ail, Korga ypaBHEHHUS
CHCTEMBI COZIepKaT YaCTHBIE IPOU3BOHBIE IIEPBOIO NOPAIKA 10 BPEMEHH.
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