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Annomayus. Ilpu OTBICKAHMM pEIICHUs KPAEBbIX, HAYaJbHBIX WM CMELIAHHBIX 3ajad Jyis
BBIPOXIAIOLINXCST  (PyHKIHMOHANBHO-TU(GGEpEeHIINAIbHBIX YPAaBHEHUM, €CTECTBEHHbIM 00pa3oM
BO3HHUKAIOT (OCOOEHHO B Cilydae, KOrjja 4acTh I'paHMIIbl O0JIACTH 3a/1aHUsl ypaBHEHUsI 0CBOOOXKAEHA
OT TpaHWYHBIX ycioBui) auddepeHnnanbHbIe ypaBHEHUS BTOporo mopsiaka. Ilokasan crmoco0
BOCCTAHOBJICHHS OJIHOT'O TUIIA TUIIEPOOINYECKOTO YPaBHEHUS C IEPEMEHHBIMU K03 puiienTaMu no
ero obuemy pemeHuo. Jist ypaBHEHuUs ¢ YaCTHBIMU IPOM3BOJHBIMU O0Iee PEIIeHUEe MOXKET ObITh
HallleHO 3HAYMTENBbHO peXe U Jelo 3Aech o0cTtouT cioxkHee. OTAenbHbIE YypaBHEHUS
rUNepOOIMYECcKOr0 THMA JIONYCKAIOT OOIIME penieHusT B BHJE CyMMbl O€ryIIMX BOJIH.
Maremartuueckue MOAEIM MHOTMX TEXHMUYECKMX 3aJad M MHXXEHEPHBIX 3aJad BbIHYXIAeT
paccMarpuBarh Oojee OOIIME YpaBHEHHs THIEPOOTMYECKOTO THUHA C  IEepEeMEHHbIMU
ko3¢ ¢purmenramu. Haiitu obuiee perieHne nojo0OHbIX ypaBHEHUH ¢ TIOMOIIbIO PaHee N3BECTHBIMU
METOJIaMH YIAeTCs PEAKO.

Abstract. When searching for solutions to boundary value, initial, or mixed problems for
degenerate functional differential equations, second-order differential equations naturally arise
(especially when part of the boundary of the domain of the equation is freed from boundary
conditions). A method for reconstructing one type of hyperbolic equation with variable coefficients
from its general solution is shown. For partial differential equations, the general solution can be found
much less frequently and the situation here is more complicated. Individual hyperbolic type equations
admit general solutions in the form of a sum of traveling waves. Mathematical models of many
technical and engineering problems force us to consider more general hyperbolic equations with
variable coefficients. It is rarely possible to find a general solution to such equations using previously
known methods.

Knrwouesvle  cnosa: ypaBHEHWE THUINEPOOIMYECKOTO  THMA, JABYX O€TymIMX  BOJH,
muddepeHnmpoBanre, dYacTHbIE TPOU3BOJHBIC, COBMECTHAas ypaBHEHUsS, (PYHKIIMOHAIBHO-

middepeHnraIbHbIe ypaBHEHHUS.

Keywords: hyperbolic type equation, two traveling waves, differentiation, partial derivatives,
joint equations, functional differential equations.
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B nacrosmieit pabore paccMoTpuM cymMmy Oojiee OOIIUX NBYX OETYIIMX BOJH M CUHTAsS €€
pelIeHeM HEKOTOPOI0 YpaBHEHUS TUIIEPOOIMYECKOTO THIIA, IOCTApaeMCsl BOCCTAHOBUTh UCXOHOE
ypaBHeHHE. PaccMOTpUM CyMMy JIBYX MPOU3BOJILHBIX OETYIIMX BOJH BUja [4]:

eV1 AL, (p(x) + ) + eV2¥Fat £, (p(x) — 1), (1

rae f1,[> — TPOU3BOIBHBIC TOCTOSHHBIE, fi, fo, Y1, Y2, @ — TPOU3BOIBHBIC, JBaXKIIbI
HenpepbIBHO auddepeHmupyeMbie GYHKIMHA CBOUX apryMeHToB, @' (x) # 0.

ITyctp Gerymias BosHa (1) ecTh oOlee peleHrne HEKOTOPOTO YpaBHEHHS THIEPOOINYECKOTO
tumna [2]:

0%u 62u+ 6u+ 6u+ (2)
gtz Mgy T PGy T GG Tt

rae Kod(pQUIMEHTH a4, Ay, A3, A4 — PACCMATPUBAIOTCS KaK HEKOTOpPHIC IMOKAa HEU3BECTHHIC
GYHKIMH OT X U oJyIekaT onpenenenuto. uddepeHunpys GyHKIHIO:

u(x,6) = eNOBE, (p(x) + ) + VI () — 1), ®
Haiinem:
0
S = OB (90 + 1) + @ COf (G + 0] @
+ e COL (90 — D) + 9 (Of (9 () — O],
d%u )
= O O, () + )

+ @' ff (p(x) + O] +eV1O*P [y (O fi (p(x) +¢)

+ P9 DF (@) + ) + 0" (O f (9() + (' (1)) A’ (p(x) + )]
+ 15 (0)eV2 02 [y, () fr(p (6) — )

+ ' (Of3 (p(x) = O]+ E Y (D f,(p(x) — 1)
+Y3(00" O (9() — 1) + 0" W (@) + ) (9’ @) ' (p(x) — 1],

WU, OKOHYaTCJIbHO,

0%u

=@ [(100)” + 1 ) Al + ) (WL () + 9" W)f ()
+ 0]+ (0 @) (p() + 1) + eVt
x[(@s0)" +950) Hlo@ - ) + (23000 + 0" W) f (90 — D] +

+(0' ) f1 (9(x) — )]

0
ou _ eV1BIL[B £ (o(x) + 1) + fi(0(x) + ©)] ©

ot
+ +eV1CIBLB £ (p(x) + ) + f{ (p(x) + D],
0%u

I BreV1 BB, £ (p(x) + £) + fi (9(x) + 1)]

+ eV OB () +6) + £ (0(x) + O] +
+p1e VB fo (0 () — ) — f3 (9 (x) — )]
+ V2o £ (p(x) — 1) + 7 (p(2) — 1)),

)

NI, OKOHYAaTCJIbHO,
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O _ pispaee ' " )
o5 = eVPRIBIf (p(x) + £) + 281 f{ (p(x) + 1) + fi" (0 (x) + )] +

ot?
+eV2 (TRt [B2 ) ((x) — £) — 2B2f5 (p(x) — £) + 5 (9 (x) — B)].
[Moncrasinss (3) — (7) B (2), nonyyaem

e¢1(X)+B1f[[;12f1((p(x) +t) + 28, f1(@(x) +t) + fi"(p(x) + t)]'*’ewZ(x)Jrth[ﬁZZfZ (p(x) = 1)

= 2B:f2((x) —t) + f' (9 (x) — )]
= ay {eM (1 (0))* + 91 () + flp(x) + ) +

+(2W ()" () + 0" () f (p(x) +6) + (9" () £ (9 () + 0)]

+ V2B [((5 ()2 + 3 () + fo(9(x) — 1)

+ (20509 (x) + 9" () 5 (9(x) — 1)

+(¢' @) ' (9() = O]} +ar{eP O PL O i (p(x) + 1)

+¢'(Of (p(x) + O] + V2Ot [ () f, (p(x) — ) + ' (O f (p(x) — O} +
+az{eV 1AL £ (0(x) + ) + f{ (9(x) + 0)] + e¥V2CEL B, f, (0 (x) — 1) + f5 (0 (x) — D]}

+ ay{eV 1AL (p(a) + £) + eV f (p(x) - D).

Ipupasrusas kodpumenter npu fr(@(x) + 1), fi (9(x) +0), fi' (9(x) + 8), fo(0(x) — 1),

f2(p(x) —t), f3' (p(x) — t), B 7EBBIX U MPABBIX YACTSX IMOCICIHETO PABCHCTBA, UMECM

@) +0: BE = a ()" + 9100 + ey () + ashy + s, ) ®

flG) +0): 2B = a; (291 ()@’ (x) + 9" (X)) + a9’ (x) + as,
@) +0: 1=a,(9'0),

FuloC) = 0: B3 = ay (9500)° + 95 00) + ah() + asf + s |
f@0) —0: =28, = a, (295" (1) + 9" (1)) + az0' (%) — as,
@) -0 1=a(0'™)". J

Kak BuauMm 31ech TpeTbe M LIECTO€ ypaBHEHUs cuctembl (8) oaTHakoBbl. ClieOBaTENbHO,
HEU3BECTHbIE PYHKINHU A1, Ay, A3, A4 TPUXOAUTCS ONPEICINUTH U3 CUCTEMBI YpaBHEHUI

1= a1(<p’(x))2, ) 9)
2B1 = a; (21 ()" (x) + 9" (%)) + az9’ (x) + as,

—2B; = a; (2950 @' (x) + ¢ (%)) + az¢’ (x) — as,
B2 = o (W4 )" + W1 0O) + @i 0) + asfy + a,

~—

B2 = ar (1200)° + W5 00) + s () + asfy + a

W3 nepBeIX Tpex ypaBHeHH cucTembl (9) serko onpeaenuM QyHKIUH A4, A, A3:

_ 1 (10)
“E @)
14
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b P B 0O ) + ()] + 9" () (11)
) (¢'(0)’ '

! _ ! 12

s = By + By — 1/)1(95;,(;?2(95). (12)

Beioupaem dynkimro P4 (x) 1 P, (x) Takum obpazom, utodsl cucrema (9) Obita COBMECTHOI.
JIi1st 9TOro HalIeHHBIC 3HAYCHHUS A4, A5, A3 CHAYaJa MOJCTABIISEM B YCTBEPTOC YPABHEHUE CUCTEMBI
(9). Torna nony4yum:

Wi+ i) | [Bi—Bz @' ()[P1(x) — P5(0)]
((pl(x))z (p’(X) ((p’(x))3
P1(0) + ()
+B1 [ﬁ1+B2 - (p,(x)

i =

]wa(x) +

Ay,

OTKyJa

Bapz(x) — Boipa (x) 1/)1' () = P10y (x) <P”(x)¢1(x)} (13)
@' () (0’ @) (o' @)’
[Toncrainsst Tenepb 3HAUYCHUS A4, A5, 3 B ISITOEC YpaBHEHUE cUCTEMBI (9), nmeeM
g2 — W) + 5 () @' ) [P1(x) + P3(0] P1(x) — l/)é(x)l N
2 (Qol(x))z (¢’(x))3 @' (x)

OTKyJa

- {ﬁlﬁz

]VJé (x) + B Iﬁl"‘ﬂz -

LB @) — By () | 3 () — i (Y (x) <p"(x)w;(x)}_ (14)
¢'(x) (o' @)’ (¢'()

N3 (13) u (14) BuaHo, 4TO cucteMa ypaBHeHHH (9) CTaHOBUTCS COBMECTHOM, €CIHU TOJIBKO
HMMeEEeT MECTO PaBEHCTBO:

Y1) 1Y () " ()Pi(x) () — i ()P (x) 9 (X b3 (x) (15)
(¢ () (¢’ ()’ (¢’ () (¢'())’
U3 (15) cnenyer cnemyroiye paBeHCTBA

Y1 (D)@' (x) — 9" ()1 (x) — [Py ()" (x) — " () P(x)]

o

3 =0,
(o' ()
1 {[zp;'(x) Py W' () — [ 0-9sWle" @) _
@' (x) (¢’ (x)) ’
WJIM, OKOHYATEIbHO,
[lpl(x)—wg (x)l o (16)
@ (x) dx @'(x) '
OueBuaHO, uTo (16) MMeeT MecTo, eciu
IO Y50 _ (17)
@' (x) v
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rie C; — MPOM3BOJIbHAS TOCTOSIHHAS.
Wrak, cucrema ypaBHeHue (9) CTaHOBHUTCS COBMECTHOM, eciu GyHKimu @ (x), Y, (x), P, (x)
CBSI3aHbI COOTHOIIEHUEM [3]:
P2 (x) =1 (x) — Cr9' (%),

M, OKOHYaTCJIIbHO

Yo (x) = Py (x) — CLo(x) + G, (18)

rae Cy, C, — npou3BOJIbHBIE TOCTOSIHHBIE.
Hcnonb3ys (18), momydyaeM Teneph CIeIyIONUe BRIPAKESHUS IS Ay, A3’

_B1— B _ 291 (x) — C19"(x) @" (x) _

a, =

v') @)Y  (p@)
_ 1 KB B wa(x>> ) ( 5 o YA0D - ng'(x)) e
|\ @)\ T R (¢ @)’
4 () - G’
az=p1+B—C = <,31 - %) - (ﬁz + Ld (X)q),(x)(p (X)) = const.

Breipaxenus mis a, MoxkHo nonyuuth cornacHo (13) wium (14). Hampumep, cornmacuo (13)
MoJTyvyaeM:

_ { Bi($1(0) = C0' (1) | YY) — i) (Wi () = Cro' () <p"<x)¢;(x)}_
ay = —P1B2 + ; + 2 - (=
') (0'(0) (o' ()
. B@ | FEE) - Cio' ()
‘{MZ e T e
o' () (P00 — (1)) = 9@ (") = (' ()°)
+ = =
(o' ()
_(pp _B® AME-Ce'@) 1 [ @0 = $ie" @]
R 6)) ¢'(x) ¢'(x) (o' ()’
Y@ @ie) - clcp'(x))} _
(0'@®)’
. B /W@ -Ge'®) 1 d (w;(x)>_
- {MZ P T e @ &\e®
RAC) ((zp;(x) - w’m))} _
@' (x) @' (x)

(o (a0 BN [, W@\ (W@ - Ge' ) 1 d ()] _
- {'82 (ﬁl 40’(96)) ¥ <'81 <p’(x)>< @' (x) ) 000 dx ((p’(x)>} B

_ (g 1™ P16 -G’ 1 d (i)
- {<ﬁ <p’<x>>+<ﬁ2+ e )*go'(x) dx<<p'(x>>}'

Urak, nns a4, a,, az, a, OKOHYATEIHHO UMEEM CIEYIOIINE BEIPAKEHHE:
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a = ﬁ ) (19)
el ) o) |

Gy =1+ Py —Cy = (Bl - fjgg ) - (/32 + ‘pi(x)(pf(i;(p’(x)) _ const.
=5 (5 ) )

Bwi6o0. Takum 00pazom HaMH JTOKa3aHa CIEAYIOIIas TeopeMa. YpaBHEHHE THIIEPOOTNIECKOTO
TUIIAa:

0°u 1 0%u (20)
= 2 .
ot?2 ((pl(x)) 0x?

L[, %\ [, @ -G\ @"() |ou
+{<P'<x> (=) - (e 2 0) (¢'<x>)3}6x+

Jdu
+(B1+ B2 — Cl)a_t

Y100 P -G’ . 1 d ()
‘{(ﬁl‘<p'(x>>+<[”2+ PIeS >+<p'(x) dx(qf(x))}“

JIOTyCKaeT o0I1ee peieHne Buaa

u(x, t) = eV1+BLE (p(x) + t) + eW1D-CLot+CI+Bat £ ((x) — 1), (21)

rae S, 2, C1, C, — TPOM3BOIBHBIE TIOCTOSIHHBIE YHWCHa, @, 1, Yo, f1, f» — TPOU3BOIBLHBIE,
JBaXIbI HEMPEPBIBHO T PepeHImpyeMbie PYHKIMU CBOMX apryMeHToB, ¢'(x) # 0.

Bri6op BenwuuH S, 5, C1, C; 1 ¢, 1)1, P, TTO3BOISIET MOIYYUTh Pa3IHUHbIC YPABHEHHS, YaCTO
BCTPEYAIOLIUXCS B MPUKJIAJHBIX, TEXHUYECKUX U MHKEHEPHBIX 3a7a4ax.
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