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Annomayus. PaccMOTpeHO HENUMHEIHOE MHTETrpo-Au(PepeHIInaIbHOE YPaBHEHNE B YaCTHBIX
IPOU3BOJHBIX UYETBEPTOr0 IOPs/KA, JOKA3aHO CYIECTBOBAHUE U €IMHCTBEHHOCTb JIOKAJIBLHOIO
pelleHMs], OIpeNeNeHbl YCIOBHUS CYLIECTBOBaHMs JIOKaJbHOrO peieHus. Jlokas3arenbcTBoO
IIPOBOJIUJIOCH C MOMOIIbIO METO/a JOMOJIHUTENBHOIO apryMeHTa. B nocnennee Bpemsi 3TOT METON
NpUMEHSICTCS ISl CBENEHUS HENWHEHHBIX IudQepeHanbHbIX YpPaBHEHHH B  YaCTHBIX
IIPOU3BOAHBIX BBICOKOTO IMOpPsAJKA B HWHTETPAJIBHBIE YPABHEHMST U CHCTEMBl HMHTETPAIBHBIX
ypaBHEHMHA. DTOT MeToA ObUl pa3paboTaH KbIPIBI3CKMMHU YYEHBIMU U MCIOJIB30BAH JUIS PELICHUS
HEIMHEWHBIX AUQQepeHnanbHbIX ypaBHEHUH B YacTHBIX HPOU3BOAHBIX MEPBOro mopsjaka. B
HAcCTOsIIlee BpPEMsI METOJ JONOJHUTENbHOTO apryMEHTa pa3BUBAETCA IS Pa3jIMYHBIX HOBBIX
KJIaCCOB HENMHEWHBIX AuddepeHInanbHbIX YpaBHEHUH B YACTHBIX MPOM3BOIHBIX BBICIIMX
MOPSAKOB U CHUCTEM HENUHEHHBIX Tu(EepeHNaIbHbIX YPaBHEHUH B YaCTHBIX HPOM3BOIHBIX.
PaccmoTrpennoe B crarbe HenmumHelHOoe auddepeHInaIbHOe YPaBHEHHE B YaCTHBIX MPOU3BOIHBIX
YEeTBEPTOro MOpsIKA TPEACTABIEHO B ONEPATOpHOM ¢dopMme, MpUUeM METOJ JIOTOJIHUTEIBHOTO
apryMeHTa HCIOJIb30BaJICS HECKOJBKO pa3 mojapsiA. B pesynbrare ObIIO MONy4e€HO MHTErpajibHOE
YPaBHEHUE W Ui OIpPENEICHMs] CYLIECTBOBAHMS U €IMHCTBEHHOCTH PEUICHMS] HMHTETPaJbHOIO
YpPaBHEHMSI HCHOJIb30BAaH MPUHLUI CXKUMAOMMUX oTpaxeHui. HewusBecTHas ¢QyHKus B
MHTETrpajIbHOM YPaBHEHHUU COAEPIKUT JOIMOJIHUTENbHBINA apryMeHT, U B pe3y/ibTaTe IpUpaBHUBAHUS
JIOTIOJIHUTENBHOTO apryMEHTa BpPEMEHHM MOXHO TIOJIYYUTh JIOKAJIBHOE pEIIEHHE HNCXOAHOU
HayaJIbHOM 3a/auu. Pe3ynpraTsl MOTyT OBITH HMCHOJIB30BAaHBI IPU UCCIEAOBAHUM PEIICHUS APYTHX
HEJIMHEWHBIX JU(depeHInaIbHbIX U HHTErpo-auddhepeHIalbHbIX YpaBHEHUH BBICOKOTO TOPSIKA.

Abstract. There is considered a nonlinear integro-differential equation in partial derivatives of
the fourth order, the existence and uniqueness of a local solution are proved, and the conditions for
the existence of a local solution are determined. The proof is carried out using the method of an
additional argument. Recently, this method has been used to reduce nonlinear differential equations
in partial derivatives of high order into integral equations and systems of integral equations. This
method was developed by Kyrgyz scientists and used to solve nonlinear differential equations in
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partial derivatives of the first order. Currently, the method of the additional argument is being
developed for various new classes of nonlinear partial differential equations of higher order and
systems of nonlinear partial differential equations. The nonlinear partial differential equation of the
fourth order discussed in the article is presented in operator form, with the method of the additional
argument applied consecutively several times. As a result, an integral equation is derived, and the
existence and uniqueness of the solution to this integral equation are determined using the
contraction mapping principle. The unknown function in the integral equation contains an
additional argument, and by equating this additional argument to time, a local solution to the
original initial value problem can be obtained. The results presented in the article can be applied in
the study of solutions to other nonlinear differential and integro-differential equations of higher
order.

Knrouesvie cnosa. IIPOU3BOAHOC, YPABHCHUEC, PCIICHUE, JIOKAJIBHOC.
Keywords: derivative, equation, solution, local.

HccnenoBanue penieHusi HENMHEHHBIX HUHTErpo-audepeHInanbHbIX YPAaBHEHHH BBICOKOTO
MOpsAKa TMpPEICTaBIsieT TeopeThdecKkuid uHTepec. Hampumep, TeopeTHueckuii HHTEpec
MIPECTABIISIET ONPEACIICHUE YCIOBUH JOKA3aTeIbCTBA CYIIIECTBOBAHMS U €IMHCTBEHHOCTH PEIICHUS
ypaBHEHHUS TUNEPOOIMUYECKOTO THUIA YETBEPTOTO Mopsiaka. PaccMOTpeHO HENMHEMHOE ypaBHEHUE
YEeTBEPTOro TMOPSAIKA, JO0KAa3aHO CYIIECTBOBAHME W EIUHCTBEHHOCTh JIOKAJIBHOTO PEIICHHUS,
OTIpe/ieTICHbl YCIOBHS CYIIECTBOBaHUS peuieHus. B pabore ucmonb30BaH METOA JOMOIHUTEIHHOTO
aprymenta (M/IA) u HenuHEilHOE ypaBHEHHE CBEIEHO K CHCTEME WHTErPajibHBIX ypaBHEHHUH C
3a/IaHHBIMU HaYaJIbHBIMH yCIOBUAMH. JlOKa3aTelIbCTBA ’TUM METO/IOM CYIIECTBOBAHUS JIOKAIBHOTO
pelIeHUs] YPaBHCHUH pa3InYHOrO MOPsIKa MPUBEAeHbI padoTax [1-5].

C(Q), CY(Q), Lip(N|,M[,...)

Hcnonb3yem knacchl (GyHKIMHA u auddepeHnnanbHbIM

Dlw] = 2 + a)i
ot 0X .
oreparop BBEJCHHbIE B pabore [1] wu cuenyromee 0003HAYEHUE:

= <t <L <t <L..< <
Qu(M) ={(t, .t t5.. 1, )| 0<t, <t, <t, <..<t <T,xeR}, me T _ Hexoropoe sazamoe

ITOJIOKUTECIIbHOC YHCIIO.

Mamepuanvi u memoowl uccnedosanus
Jlns Hayama paccMOTpUM MHTerpaiibHOe ypaBHeHue (1Y) tuna Bonsreppa Buja:

p(z.t,x) = X—j[u(s, p(s,t,x))ds, (1)

C®
Jnst Besikoit  pyHKIHH u(t,x) e C(Qu(T)) Tak Kak o (t.x) OrpaHW4YEHa CIPABEIIIUBO

COOTHOILIIEHUE u(t,x) e LIp(L|X)'

s P76 %) yyeer mecto PaBEHCTBO:

p(z.t, p(t,0,x)) = p(z.0,%), (z.1,6,x) € Q5(T). )

JlokaxkeM crpaBeAJIMBOCTh COOTHOIIEeHHs (2), anst 3toro B (1) 3ameHsst X depes p(t. 0, X),
HMMEEM:
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p(z,t, p(t,0,x;u)) = p(t,0,%x) — ju(s, p(s,t, p(t, &, x)))ds.

6
p(z,0,x) =X —Ju(s, p(s, o, x))ds,
N3 (1) nonydaem ‘
Hcnonb3ys 0603HaueHue a(z,t,0,%) =|p(r,t, P(t,0,%)) = p(z.0, X)|’ HMEeM -

|p(T!t! p(t’ 0! X)) - p(T’ 9! X)| <

X— j'u(s, p(s,d,x))ds —
—ju(s, p(s,t, p(t,8,x)))ds —x + Tu(s, p(s,d,x))ds |<

< <

- jlu(s, p(s,d,x))ds+ + Tu(s, p(s,d, x))ds —ju(s, p(s,t, p(t,d,x)))ds

<

ju(s, p(s,t, p(t, o, x)))ds—j[u(s, p(s,d, x))ds

t

[ uGs, p(s.t, p(t, 6, 5u)) - u(s, p(s, 6, x))ds

T

<

< j. L|p(s.t, p(t,0,x)) - p(s, 6, x)[ds.

CnenoBarenbHO, OTyYaeM:
t
q(z,t,6,Xx) sILq(s,t,Q, x)ds.

U3 (3), rae Lo, X UTPAIOT POJIb NAPAMETPOB, BHITEKAET TOXKIECTBO a(7.1,0,x) =0

MBI 10Ka3anu BBIMOJHEHUS TOXKAeCTBA (2).

BBoaum cienytonyto GpyHKIUIO € JONOTHUTEIBHBIM apTyMEHTOM, Uconb3yemyto B MJIA:

v(zr,t,X)=u(z, p(z,t,%)), v(t,t,Xx)= u(t,x)._

Torma u3 (1) momy4aem:
t
p(z,t,xX) = x— Iv(s,t, x)ds,

Ecmu CIIpaBCJINBO PABCHCTBO

D[v(t,t, x)]v(z,t,x) =0,
TO U3 (4) umeeM:

D[v(t,t,x)]p(z,t,x) =0

Pesynomamot u o6cyscoenus
PaccmarpuBaercs HenuHeiiHOe UMHTErpo—Au(QepeHnaibHOoe YpaBHEHUE B
MPOM3BOAHBIX BHUJIA!
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< (7)
D?[-u(t, x]D*[u(t, x)Ju(t, x) = Iu(t,s)ds +9(t), t,x)eQ(T), X T-const.
0
VpasHenue (7) paccMaTpuBacTCsi ¢ HAYaIbHBIMU YCIIOBHSIMHU:
au(t,x (8)
%L_O =y (x), k=0123
& (@) _
e v, (x)eC*”(R), k=0123.
& @) _
Teopema. Ilyctb QyHKIIUN v () eCT(R), k=0..3 VIOBJICTBOPSIOT YCIOBHSIM:
D[-u(t, x)]D*[u(t, x)]u(t, x)|,,= 0 D*[u(t,x)Ju(t,x)|_,=0 9)

c @ :
Torma 3amaua (1)-(2) wHMeeT EIMHCTBEHHOE peIICHUE u(t,x) € C (G, (T7), rme T*<T

OTpeeNsieTCsl U3 TaHHBIX HavaJlbHOU 3aaa4 (1), (2).
ﬂOKCB‘Clme]ZbCWlSO.
Jl11g nokas3arenabCTBa TEOPEMBI HCIIONIb3YEM CIIEAYIoNIne 0003HAYEHUS:

z(t, x;u) = D*[u(t, X)Ju(t, X),
z,(t,x;u) = D[-u(t, x)]z(t, x;u),
z,(t,x;u) = D[-u(t, x)]z, (t, x;u).

Aa(t, x;u) = D[u(t, x)]u(t, x).

C nomo1pio BBEJIEHHBIX BhIIIIE 0003HAYCHUH, 3anuIieM ypaBHeHue (7) B BUC:

£ (10)
D2[-u(t, X)]z(t, x;u) = ju(t,s)ds +g(t)
£ (11)
D[-u(t, x)]z, (t, x;u) = J.u(t,s)ds +g(t).
s 3anau (10), (8) ucnons3ys MJIA ¢ yuetom (9) cBoaum k cnenytoiiemy NV:
(12)

z,(t,x;u) = ﬁu(s,r)dzds +_t[g(s)ds

B camom nene muddepenuupys (12) mo t um x, momyuyaem (11). Ilpu t=0 pprreaer

PaBEHCTBO 2,(0.5U) =0_ 41 YCJIOBHE TEOPEMB.

Hanee mnsa (12), (8) wucnomszyem MJIA. IlocnemoBarenpHOoe wucmoib3oBanne MJIA
npencTaBieHo B padorax [1]. [Tomyuyaem Y Buaa:

t X t 13
z(t,x;u):J(t—s).[u(s,r)dzds+J(t—s)g(s)ds 13)

Mpb1 nonyunnu (13), mpumensis nocienoBarenbHo MJIA x ypaBHenuto (7). O6parHO ¢

noMouieio  auddepeHnnansHOro  omneparopa Dle] nonydaeM (7) u ycnoBue (9) TeopeMsl
BbInosiHeHO. Bocnonb3yemcs MJIA eme nBa pasa moapsia, yToObl MPHUBECTH JaHHYIO 3a1ady K
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cucteme WMY. Ucnonb3ys BBeIEHHBIE BbIIE 00O3HAUCHHWs, TocienHee ypaBHeHHe (12) MOXHO
3amucarh CIEAYOIINM 00pa3oM:

Dlu(t, x)]o(t, x;u) = j[(t - S)TU(S,T)d ds +j(t —s)g(s)ds = I(t;u) a4

U3 (14) umeem:

; (15)
Ot xu) = o(p(0,t, ) + [ 1 (p;u)dp

H(t’X;u)L:":(D(X)’ 31ech  (DyHKIHS p(s.t,x) onpenensiercs w3 UY (1) m mna koropoi
BBITIONTHSIOTCS (2), (6). s (15) cnpaBeniuBo:
D[u(t, x)]E(t, x;u) = @'(p(0,t, x)) D[u(t, x)] p(0,t,x) + 1 (t;u) _

CrnenoBarensHO, B ciity (6) moiry4aem cripaBBeNIUBOCTh (14) u 0(0,x;u) = o(x).
Teneps paccmorpum perienue 3agauu (15), (8). [Ipumensem MJIA:

b (16)
u(t,x) =, (p(0,t,x)) +te(p(0,t,x)) +I(t —p)I(piu)dp

[Tpumensisi nuddepeHaTbHBIA OnepaTop Dle] g (16), kak ¥ B MpenpIAyIIUX Clydasx,

nonyuuM (15) u u(0.x)=y,(x) .

B pesysibrare Mbl CBeNU MOCTaBJICHHYIO 3amady kK cucreme MY (16), (1). MbI gokasanu ux
SKBHBAJICHTHOCTh. JKBUBAJICHTHOCTh 3THUX 3a7a4 JOKA3bIBACTCS YETHIPEXKPATHBIM PUMEHECHUEM
MJIA k wucxomnod 3amade (7), (8) c¢ ycmoBuem (9) m HaoOOpPOT C HCIOJIB30BAHUEM

muddepeHInaIbHOro oneparopa Dle] s cuctem MUY (16), (1). Ham nocraroyHo mpoBepuUTh
CYILIECTBOBaHHE €AMHCTBEHHOTO perienus 3anauu (16), (1).

IIpeoOpasys (16) u wucnone3ys mnpuHUMN cxuMarommx otpaxeHuit (IICO), nokaxem
CYLIECTBOBAHUE €IMHCTBEHHOTO JIOKaJIbHOTO perienusd (16), (1).

B (16) cnenaem 3ameHsl t Ha S, X Ha p(S,t,X), IpUHUMAas BO BHUMaHue (2) moiayyaem:

y (17)
u(s, p(s,t,X)) = 7, (P(0,t, X)) + s P(0,t, X)) + [ (s = p) 1 (p3u)dp

N3 (17) yuursiBas (1), umeem:

t

v(s,t,xX) =y, (x— Iv(r,t, X))d7) +sep(x — jv(r,t, x))d7) +'S[(s —p)l(p;u)dp,

0 0

(18)

v(s,t,x) =u(s, p(s,t,x)), (s,t,x) € Q,(T).

B pesynbrare mbr cBenu 3amaqy k MY (18).
CrnenoBarenbHO, MBI BHJIEIH, YTO JAOCTATOYHO TOKa3aTh CYHIECTBOBAHHME M €IUHCTBEHHOCTH

pemeHust V(S’ L X) nocieaaero MY (18), Tak kak u(t' X) = V(t’ t, X) _
s (18) ucnonszyem I[1CO. IlycTs:

v(z,t,x) =J(z7,t;v), (19)
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J(z,tv) =y, (X—jv(r,t, X))d7) +r¢)(x—jv(r,t, X))d7) +i(s - p)l(p;u)dp.,.

1(psu) = [(p—3)[v(s,5,7)dds + [ (o —5)g(s)ds.

[Tokaxkxem, uro ypaBHenue (19) mmeer B oOmactu Qi(T) npu 1*<T enuncrBeHHoe,

vI< M.
HETIPEPHIBHOE PEIICHHE, YIOBICTBOPSIOIICE HEPABCHCTBY ” ”

[Ipu T <T MOJIy4aeM OLICHKHU:

3@ 6v) = o (pO,t.X) + 7Pt X)) + [ (5= )| (0= 9) [ (5,5, 2)dadls + [ (0 — ) g (s)dsclp <

t3 t?
<|wo|+ tjo| + MX 3 + ||g||3 <Q,(T%),
IpILS
S3 2
Qy(8) = ol +olS + 121 =+ o]

FE ) = 3@ ) ST*O IV =V, o .

rae
3

, T
o+

Q, :”‘//f’J

3axnouenue
Takum oOpa3om, Mbl JjoKa3anu: ypaBHeHue (18) uMeeT eAMHCTBEHHOE pEelIeHUEe U HOpMa He
npeBocxomut 2Q0(T*). Kpome Toro, mis pemenusi ypaBaenusi (18), ocnoBamnoro Ha IICO,
UMEIOTCS HETIPepPhIBHBIE YaCTHBIE MPOM3BOJHBIE JO YETBEPTOTO TOPSIKA MO BCEM apryMEHTOM.
Teopema nokasana.
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